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Abstract 


We define 2-gerbes bound by complexes of braided group-like stacks. We 
prove a classibcation result in terms of hypercohomology groups with values 
in abelian crossed squares and cones of morphisms of complexes of length 
3. We give an application to the geometric construction of certain elements 
in Hermitian Deligne cohomology groups. 
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Introduction 

The aim of the present work is to study in some detail gerbes and, mostly, 2- 
gerbes bound by complexes of groups and braided gr-stacks, respectively, and the 
cohomology groups determined by their equivalence classes. 

Background and motivations 

The idea of a gerbe bound by a complex is of course not new: it dates back to 
Debremaeker ( IDeb77ll l in the form of a gerbe ^ on a site S bound by a crossed 
module 5: A ^ B. Milne ( IMil03l l adopts the same idea in the special case of an 
abelian crossed module. It is observed in loc. cit. that the crossed module in fact 
reduces to a homomorphism of sheaves of abelian groups, and the whole structure 
simplifies to that of a gerbe bound by the sheaf A and equipped with a functor 
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^ —> TORS(i?) which is a (i-morphism, i.e. compatible with the homomorphism <5 
(see below for the precise definition). 

Our starting point is the observation that this structure captures the differen¬ 
tial geometric notion of “connective structure” on an abelian gerbe, introduced by 
Brylinski and McLaughlin^ ( lBM94l[BM96|[Bry99| , see also|jBry^ for a version 
in the context of smooth manifolds). Briefly, by suitably generalizing the familiar 
concept of connection on an invertible sheaf on an analytic or algebraic manifold 
X, they defined a connective structure on an abelian gerbe bound by as a func¬ 
tor X ^o{x) associating to each local object x over an open U a fl^-torsor, 
subject to a certain list of properties reviewed in sect. 12.21 It turns out, and we 
show it explicitly in sect. 12.21 that this is exactly the same thing as prescribing a 
structure of gerbe bound by the complex 

More recently, we have similarly introduced the concept of hermitian structure 
on an abelian gerbe bound by by modeling it on the corresponding familiar 
notion of invertible sheaf equipped with a fiber hermitian metric ( IIAldOSal l. In 
simplified terms, this structure is also of the type introduced above, namely we 
find that in this case it can be conveniently encoded in the structure of gerbe bound 
by the complex 

where the latter denotes the sheaf of smooth real functions on X. 

It is reasonable to expect that the list can be made longer with other interesting 
examples. However, we want point out that the real interest of these construc¬ 
tion lies in a different direction (or directions). On one hand, there is the obvious 
interest of being able to generalize to the case of gerbes several structures of differ¬ 
ential geometric interest. On the other, there is the fact that typically equivalence 
classes (suitably defined) of these structures turn out to be classified by interesting 
cohomology theories, and as a feedback we can get a geometric characterization 
of the elements of these groups. For instance, the cohomology groups relevant 
in the above examples are the Deligne cohomology group Z(2)), and the 

hermitian Deligne cohomology group 1). 

In fact, Brylinski and McLaughlin have shown that their constructions provide 
the adequate context for notable extensions of the tame symbol map in algebraic 
K-theory, where gerbes are useful in order to obtain a geometric picture for some 
regulator maps to Deligne-Beilinson cohomology (cf. |Bry94| ). More importantly, 

'in |Bry93| the concept is ascribed to Deligne. 
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they extend their framework in two directions: (1) they consider the case of 2- 
gerbes as well, and (2) they define appropriate notions of curvature both for gerbes 
and 2-gerbes bound by Passing from gerbes to 2-gerbes corresponds to an 
increase in the degree of the involved cohomology groups, whereas introducing 
more levels of differential geometric structures corresponds to cohomology groups 
of higher weights. The geometric and the cohomological aspects are tied together 
very neatly in the following sense: the Deligne cohomology groups H^(X, A{k)), 
where A is a subring of R, can be regarded as somewhat pathological in the range 
p > 2k, where they cannot receive regulator maps from, say, absolute cohomol¬ 
ogy.^ It is reassuring that the gerbes and 2-gerbes corresponding to the tame sym¬ 
bol maps and various related cup products turn out to naturally have a connec¬ 
tive structure (and even curvatures), so that their classifying Deligne cohomology 
groups lie in the “safe” range p < 2k.^ 

A similar story was developed by the author in the case of hermitian Deligne 
cohomology ( IIAldOSall ). motivated by the existence of certain natural hermitian 
structures on tame symbols. As mentioned before, the cohomological counterpart 
is given by hermitian Deligne cohomology, and there is a parallel for 2-gerbes as 
well. Namely, we have put forward a definition of hermitian structure for 2-gerbes 
(to be reviewed and revised below) bound by and found that the correspond¬ 
ing equivalence classes are in 1-1 correspondence with the elements of the group 
1). In particular, the gerbes and 2-gerbes corresponding to the tame sym¬ 
bols studied by Brylinski and McLaughlin were found to naturally support a her¬ 
mitian structure as well. Moreover, it was found that these structures, namely the 
analytic (or algebraic) connective structure of Brylinski and McLaughlin and the 
hermitian structure we introduced are compatible in the following sense: One of 
the byproducts of our work is that there is a natural notion of connective struc¬ 
ture canonically associated with the hermitian structure. It was found that this new 
connective structure agrees with the one of Brylinski-McLaughlin once they are 
mapped into an appropriate complex of smooth forms. (Part of this theory will be 
recalled and further clarified in the last part of the present paper.) 

Not quite satisfying, as the reader will have no doubt noticed, is the fact that 
weights and degrees are precisely in what seems to be the bad range. However, a 
more interesting group H^(X, 2) does appear in the following way: in lAldOSal 
we introduced a complex, denoted r(2)* (defined in section ITdTi . and we (infor¬ 
mally) argued that the hypercohomology group r(2)*) classifies 2-gerbes 

equipped with both a connective structure a la Brylinski-McLaughlin and a hermi- 

^The absolute cohomology groups in that range are zero. 

^There is of course an interest in knowing that, say, Hj, {X, Z(l)) classifies abelian gerbes bound 
by ffx’ however the nice connection with regulators, etc. is lost. 
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tian structure in our sense which are compatible as explained to above. In loc. cit. 
we found there is a surjection H^(X, 2) —> H^(X, r(2)*), so classes of 2-gerbes 
can indeed be lifted to a more desirable group, but a ttuly geomettic characteriza¬ 
tion was not provided. Let us remark that the interest of the group 2) lies 

in the fact that it is the receiving target of the cup product map 

RcX(8)RcX —> H|,(X, 2), 


where PicX ~ ¥L^(X, 1) is the group of isomorphism classes of metrized invert¬ 
ible sheaves. When X is a complete curve, this map gives a cohomological inter¬ 
pretation of Deligne’s determinant of cohomology construction dlDelSVI l. which 
has been analyzed in various guises in |Bry99 IAld04l . and lAldOSbl in the singu¬ 
lar case. 

The desire to remedy the above shortcoming and enhance the results of lAldOSal . 
as well as the desire to cast the results in the form expounded at the beginning of 
this introduction—suitably extended to include 2-gerbes—constitute our motiva¬ 
tion for the present work. The framework we have found, that of 2-gerbes bound 
by a complex of braided gr-stacks, is quite more general than what would be mini¬ 
mally required for just solving the mentioned problems, and lends itself to possible 
generalizations to the non-abelian case, which we plan to address in part in a subse¬ 
quent publication. We now proceed to describe the present results in the remaining 
part of this introduction. 


Statement of the results 

For the purpose of this introduction let us informally assume that X is a smooth 
base scheme, or an analytic manifold, and that C/X is an appropriate category of 
spaces “over” X with a Grothendieck topology, making it into a site. 

To keep track of cohomology degrees, recall that Deligne cohomology and its 
variants have a built-in degree index shift. The convention we use in this introduc¬ 
tion and the rest of the paper is to revert to standard cohomology degrees whenever 
we are not specifically dealing with one of these specific cohomology fheories. 

Our firsl resulf is a slraighlforward generalizafion of fhe concepf of abelian 
gerbe bound by a homomorphism of sheaves of abelian groups fo fhe case where 
we have a complex of abelian groups of fhe form: 

A-^B ^C. 

We find fhaf an abelian gerbe bound by fhe above complex is convenienfly de¬ 
fined as an A-gerbe ^ equipped wifh a funcfor 

— >Tors{B,C), 
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where the right hand side denotes the gerbe of f?-torsors with a section of the 
associated C-torsor obtained by extension of the structure group from B to C. We 
then obtain through a simple Cech cohomology argument that equivalence classes 
of such gerbes are classified by the hypercohomology group 

U.^{X,A^ B ^ C). 

We show at the end of section |3l that this is the appropriate general cadre for the 
notion of curvature: indeed we prove that Brylinski and McLaughlin’s original 
definition of a gerbe with connective structure and “curving” can be cast as a gerbe 
bound by a complex of length 3, for an appropriate choice of the groups involved. 

The extension of the idea of gerbe bound by a complex to the case of 2-gerbes 
is more involved, but quite interesting. 

We want to consider abelian 2-gerbes, where of course the word “abelian” must 
be properly qualified. We adopf fhe poinf of view of loc. cif. of calling “abelian” 
a 2-gerbe bound by a braided gr-stack in fhe following sense: If is known fhaf fhe 
fibered cafegory of aufomorphisms of an objecf x over U —> X in a 2-gerbe is 
a gr-sfack. Lef £/ be a. gr-sfack over X. A 2-£/ -gerbe 6 is a 2-gerbe wifh fhe 
properfy fhaf each local aufomorphism gr-sfack is equivalenf fo (fhe resfricfion of) 
£/. As we know from IBre94aL if fhis equivalence is nafural in x, fhen £/ will be 
forced fo be braided, i.e. ifs group law has a non-sfricf commufafivily properly. A 
special case is when £/ = TORS(A), fhaf is, fhe gr-slack is fhe slack of forsors (in 
facl, a gerbe) over an abelian group A. Then we speak of a 2-gerbe bound by A, or 
2-A-gerbe. 

Note fhaf if follows from IBre92l IBre94al fhaf for an abelian 2 -£/-gerbe © 
fhe slack of morphisms £/utu{x, y) of Iwo objecfs over ?7 —> X has fhe slrucfure 
of j 2 /|t/-lorsor, and fhaf © determines a 1-cocycle, hence a cohomology sel, wifh 
values in TORS(,f 2 /). Note thal for any gr-slack Ibis is a neulral 2-gerbe, see 
IBre90l . By suilably decomposing fhe forsors comprising Ibis cocycle, we oblain 
a degree 2 cohomology sel wifh values in ilself. This leads fo fhe familiar 
degree 3 cohomology group wifh values in A in fhe case = TORS (A). We 
will find generalizalions by sludying fhe analogous conslruclions for complexes of 
gr-slacks, defined below. 

Thus, given an addifive functor of braided gr-slacks we define a 

2-gerbe bound by Ibis “complex” as a pair (©, J), where © is a 2-s^-gerbe and J 
is a cartesian 2-functor 

J: © —> TORS(,^) 

which is a A-morphism, see section 153) for fhe precise definition. Once fhe nofion 
of morphism and fhen of equivalence of such pairs are defined, we find fhaf equiv¬ 
alence classes are in 1-1 correspondence wifh fhe elemenfs of a cohomology sel 
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which we could provisionally write as: 

H^(TORS(i/) ^ TORS(^)) . 

Once again, by suitably decomposing the torsors comprising the 1-cocycle with 
values in the complex 


A*: TORS(j2/) ^ T0RS(,^) 

determined by 6, we obtain a degree 2 cohomology set with values in the complex 
A: cK/ —> itself. 

In order to properly handle the hermitian Deligne cohomology group we are 
ultimately interested in, we can further generalize this notion to that of a 2-gerbe 
bound by a complex of gr-stacks, that is a diagram of additive functors: 

(+) s/ 

where the composition |Uo A is required to be isomorphic to the null functor sending 
to the unit object of Thus a 2-gerbe 0 is bound by the above complex if there 
is a cartesian 2-functor 

J: 0 —>TORS(,:^,^), 

where the right hand side denotes the 2-gerbe of ,^-torsors which become equiv¬ 
alent to the trivial ^-torsor. Then we show that equivalence classes of such pairs 
(0, J) are classified by a cohomology set: 

H^(TORS(j2/) ^ Tors(^) ^ Tors(^)) , 

from which we can obtain a degree two cohomology set with coefficients in the gr- 
stack complex above. This is done in sections |5]and|^ where the relevant theorems 
are stated and proven in full. 

Along the way we get interesting byproducts shedding a new light on the notion 
of gerbe bound by a complex. In section 15.41 we prove that for a strictly abelian 
(and not just braided) gr-stack that is, one that arises from a homomorphism of 
sheaves of abelian groups, we have the equivalence 

Gerbes{B, H) ^ TORS(,^) 

where = TORS(i?, H). Then later in section l64l we observe that TORS(=^, ‘rf) 
introduced above is equivalent, when ^ = TORS(C', K) with the 2-gerbe of gerbes 
bound by B ^ H which become neutral as gerbes bound by C K. 

These partial results are part of a general process whereby we make con¬ 
tact with ordinary hypercohomology by assuming all all the involved gr-stacks 
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are strictly abelian. Concretely, if = TORS(^, G), SS = TORS{B, H), and 
^ = TORS(C', K) the complex of gr-stacks we have been considering reduces to 
the commutative diagram of (sheaves of) abelian groups: 


/ 9 

(*) S a 7 

G^H^K 


The theorem we obtain in section Ihidl is that equivalence classes of 2-gerbes bound 
by the complex Q are classified by the standard hypercohomology group 

H3(X, (coneof(|!l))[-l]). 

As we will see in section Q this is exactly the kind of cohomology group we need 
in order to give a geometric construction of the elements of the hermitian Deligne 
cohomology group H^(X, 2). In particular, in section 1731 we give a reasonably 
detailed construction of a 2-gerbe, denoted (jSf, .y#] ^ ^ , whose class in H^(X, 2) 
is the cup product p] U , a] of p], , a] G Pic2f. 

In section|5l especially in sections l5^ and l53l we prove intermediate results for 
the case where there is no so the diagram Q above reduces to the left square. 

In all cases, when moving from cohomology sets with values in complexes of 
gerbes of torsors to (hyper)cohomology groups with values in cone of complexes, 
we compute explicit cocycles with respect to hypercovers, rather than ordinary 
covers. We find that even in the case of groups the cocycles so obtained present 
additional interesting terms. 


Organization and contents of the paper 

Overall we have adopted a mix of bottom-up and top-down approaches. We have 
refrained from starting from the most general statement and then working our way 
down. Instead we have adopted a sequence of successive generalizations. 

Our treatment of cohomology deserves some explanations. At the beginning, 
where several proofs are standard, we have adopted a Cech point of view. In the 
latter part of the paper, where we deal with torsors over gr-stacks, we have found 
worthwhile not to assume that decompositions with respect to Cech covers are suf¬ 
ficient. So we have actually computed cocycles using hypercovers, adopting the 
same point of view and formalism of IBre94al . Since we have dealt with hyper¬ 
covers in a rather direct way, formulas acquire a substantial decoration of indices. 











which can be quite daunting. The usual advice is to ignore the hypercover in¬ 
dices on first parsing and reduce everything to the Cech formalism and replace 
(hyper)cohomology with its Cech counterpart. 

A note about sites: When dealing with categorical matters, it comes at no ad¬ 
ditional cost to formulate everything, including cohomology sets, for sites. Thus 
usually we will assume that gerbes and 2-gerbes are fibered over a site S. This site 
will in fact be a category of objects over an object X, so that we will often use 
the notation C/X, assuming the category C has been equipped with an appropriate 
Grothendieck topology. By thinking of X as the terminal object in C/X, we can 
conveniently denote cohomology sets as H*(X, —) or H*(X, —), depending on 
whether we wish to emphasize the “hyper” aspect. 

This paper is organized as follows. In section^we recall a few background no¬ 
tions, collect some notation, and we provide a quick overview of various Deligne- 
type cohomology theories needed in the rest of the paper. 

We introduce the concept of gerbe bound by a length 2 complex in section |2l 
where we also review the pivotal example of connective structure in some detail. 
We then proceed in section [S] to define and classify gerbes bound by a lengfh 3 
complex. Secfion|4]is dedicated fo a quick review of 2-gerbes. Unforfunafely we 
cannof make fhis paper complefely self-confained wifhouf writing anofher book 
on 2-gerbes, fherefore referring fo fhe liferafure, especially IBre94aL remains in¬ 
dispensable. Sections |5l and fhen confain our main resulfs, where we classify 
2-gerbes bound by complexes of gr-sfacks. Finally, in section 0 we refum fo 
fhe realm complex algebraic manifolds, and give some applicafions fo hermifian 
Deligne cohomology. 
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1 Background notions 

1.1 Assumptions and notations 

In fhe following, X will be a smoofh scheme or a complex analyfic manifold. In 
the algebraic case, some results can be stated for X smooth over a base scheme S. 
Actually, in most of the applications we will be concerned with the case when X 
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is an algebraic manifold,^ hence S = Spec C. In this case the complex analytic 
manifold above will be the set of complex points of X with the analytic 
topology, but usually we will not explicitly mark this in the notation. 

Gerbes “over X” are stacks in groupoids and, similarly, 2-gerbes are 2-cate- 
gories fibered in (lax) 2-groupoids satisfying certain conditions to be explained 
below, over an appropriate site of “spaces” over X. As explained at the end of 
the introduction, whenever dealing with general categorical matters, the specific 
choice of this site will be somewhat immaterial. In order to fix ideas, and fo revert 
in fhe end fo specific cohomology fheories, we will assume fhaf we are given an 
appropriafe cafegory wifh fiber producfs C/X of spaces over X equipped wifh a 
Grofhendieck fopology. The main requiremenf will be fhaf fhe various sheaves such 
as ffx, etc. as defined wifh respecf to C/X resfricf fo fheir usual counferparfs 
under [/ —> X, whenever U is open in fhe ordinary—for fhe Zariski or Analyfic 
fopology—sense. More specifically, following ref. |Bry93[ , if X is a scheme we 
may as well consider fhe small efale sife X^t, namely C/X = Et/X, where we de- 
nofe by Et fhe class of efale maps over X, and covers are joinfly surjecfive families 
of efale maps. If is useful fo allow fhe same fype of consfrucfion when S = Spec C, 
and we wanf fo consider X'*”. Namely we obfain a corresponding “analytic” sife 
by mapping [/ —> X from X^t fo —> X“”. According fo ref. IIMilSOI . fhis 

defermines fhe same fopology as fhe sfandard analyfic one. In fhe laffer case, fhaf 
is if X is a complex manifold, C/X will be fhe small Top sife. Similarly, when X 
is a scheme fo be considered wifh ifs ordinary fopology, we sef C/X = X^ar, the 
small Zariski sife of X whose covers are injecfive maps V ^ U wifh U open in 
X. Nofe fhaf in general we will nof be considering fhe corresponding “big” sifes. 
However, fhe general cafegorical consfrucfions which form fhe main body of fhis 
paper are going fo work in fhaf confexf foo. ^ 

In general we will refer fo fhe fopology on C/X simply as a fopology on X, and 
accordingly we will simply speak of “open” sefs for members H —> [/ of a cover of 
(7 —> X. As if is well known, fibered producfs fake fhe place of infersecfions, and 
we will use fhe sfandard nofafion of denoting fhe various mulfiple “infersecfions” 
(i.e. fibered producfs) relative fo a covering {Ui —>■ U}i^j as: Uij = Ui Xu Uj, 
Uijk = Ui Xjj Uj Xjj Uk, efc. Also in fhe relative case of X over a base S, C/X 
will be obfained by resfricfion from C/S. However, our nofafion will nof always 
explicifly reflecf fhis. 

'^By algebraic manifold we mean a smooth, separated scheme of finite type over C 

^To be more specific one could consider sites such as X^^, the big etale site of X, if X is a 
scheme, namely C/X — Sch/X equipped with the etale topology defined by the class Et of etale 
maps over X; correspondingly, C/X = Cmpix/X, with the topology given by standard open covers, 
or by analytification of etale covers as described above. 
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1.1.1 Often used notations. 

For a subring A of R and an integer p, A{p) = (27r\/—1 )p A is the Tate twist of A. 
We identify C/Z(p) ~ via the exponential map 2 ; 1 —> exp(^/(27r\/— 
and C ~ R(p)©R(p—1), so C/R(p) ~ R(p—1). The projection vr^: C ^ R-(p) 
is given by 7rp(2;) = ^(z+(—l)^z), for z G C, and similarly for any other complex 
quantity. 

If £' is a set (or group, ring, module...), then Ex denotes the corresponding 
constant sheaf of sets (or groups, rings, modules...). 

If X is a scheme or complex manifold, denotes the corresponding (al¬ 
gebraic or analytic) de Rham complex. We set ffx = usual. de¬ 

notes the de Rham complex of sheaves of R-valued smooth forms on the un¬ 
derlying smooth manifold. Furthermore, ®R- ^xip) 

twist (Ox <8>r R(p)- Also, ^x'^ will denote the sheaf of smooth (p, q)-forms, and 
where the differential decomposes in the standard fash¬ 
ion, d = d + B, according to types. We also introduce the imaginary operator 
= d — B^ and we have the rules 

d7rp(a;) = 7rp(da;), d'^7rp(a;) = 7rp+i(d‘^a;) 

for any complex form uj. Note that we have 2dB = d'^d 

The standard Hodge filtrations on £/x follows: F^Qx = cr^^x 

is the sharp truncation in degree p: 

0 —^- ^0 —^-^ , 

whereas F^s^x is the total complex of: 0^>p • 

1.2 Various Deligne complexes and cohomologies 

Standard references on Deligne cohomology are: IIBei84IIEV8^ . 

For a subring d C R and an integer p, the Deligne cohomology groups of 
weight p of X with values in A are the hypercohomology groups: 

(1.2.1) RUX,A{p)) ^'H*(X,A(p)^^^), 
where A{p)^x is the complex 

(1.2.2) A{py^^x = Cone{A{p)x © ^ n*x) [-1] 

(1.2.3) ^ {A{j)x ^ ^ ^ ^ . 

*We omit the customary factor l/(47r-\/—1) 
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where the map in the cone is the difference of the two inclusions and denotes 
a quasi-isomorphism. The complex in (I1.2.3I) is the one we will normally use in 
what follows. 

When ^ = R, Deligne cohomology groups can be computed using other com¬ 
plexes quasi-isomorphic to (TTO) or (11.2.31) . in particular: 

(1.2.4) = Cone ^ <^^{p - 1)) [-1] • 

(See the references quoted above for a proof.) 

The Hermitian variant of Deligne cohomology is obtained by considering the 
hypercohomology groups 

(1.2.5) RUX,p)=il%X,Ciprx) 


of the complex 


(1.2.6) Cip^x = Cone(Z(p)x n a^^^^ip)) ^^(p)) [-1], 

introduced by Brylinski in |Bry99[ . We proved in lAldOTII that it is quasi-isomorphic 
to the complex: 

(1.2.7) Dh.h.ip)x = Cone(Z(p )'25 © (Wj^ n a^Pc^^ip)) [-1] . 

The interest of dmj lies in the fact that the second hypercohomology group of 
Dh.h.{^)x provides a characterization of the canonical connection associated to a 
hermitian line bundle ( I Ald041 f Ald05 al ). We will also need a leaner version of the 
complex (11.2.7b introduced in IAld05bi . namely: 

(1.2.8) ^h.hXpTx = Cone(Z(p)*25 ^ [-1]. 


Here D , p) is the Deligne Algebra over the complex discussed in full in 
IIBG97I IBGKKI [Gon04l . and denotes its sharp truncation in degrees above 
2p, so that: 

(1.2.9) 






n—1 

X 


(P “ 1) n 0p'+g'=n-l 
p'<p,q'<p 



n = 0, 
n <2p 


1 . 


The differential is — tt o d, where vr is the projection that simply chops off the 
degrees falling outside the scope of (fTT^ . Using dLH, the map pp is: 


0 n = 0 , 

(-Ij’^TTp.i l<n<p. 
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1.2.10 Example. In the following we will be concerned almost exclusively with 
the complexes of weight p = 1 and p = 2. Explicitly, we have: 

(1.2.11) ^h.h.{l)x = (Z(lk ^ 4) , 

whereas the complex Dh.h.{‘^)x (shifted by 1) of the map: 

Z{2)x — -^ ^ 

(1.2.12) -TTl TTI 

1.2.13 Remark. Using the complex (11.2.11b . one shows that 

H|)(X,1) ~ RcX, 

the group of isomorphism classes of line bundles with hermitian metric. This fol¬ 
lows from an easy Cech argument, as in IIEsn88l . Thus the same type of argument, 
using the complex D^.h. (l)x> implies the uniqueness of the canonical connection, 
see lAldOSal . 

We conclude this review section by observing that all complexes introduced 
so far possess a product structure (or several mutually homotopic such structures), 
additive with respect to the weights, so that we have graded commutative cup prod¬ 
ucts 

HiiX, A{p)) ® h!d(X, A{q)) ^ H^+'(X, A{p + q)) 

and 

%{X,P) ® %{X, q) ^ + q) . 

The reader should refer to the literature cited in this section for more details and 
explicit formulas for the products. 

2 Gerbes with abelian band 

In the following we recall a few definitions about gerbes. The canonical reference 
is ilGlml . whereas a detailed exposition adapted to spaces is IIBre94al . We will 
need the abelian part of the whole theory, for which a readable account is to be 
found in |Bry93[ . 

Eet C be a category with finite fibered products, equipped with a Grothendieck 
topology. A gerbe over C is a stack in groupoids p: C such that: 
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1. ^ is locally non-empty, namely there exists a cover [/ —> X such that 
Oh{1^u) is non-empty; 

2. is locally connected, that is, for each pair of objects of there is a cover 
(p: V ^ U such that their inverse images are isomorphic. In other words if 
x,y e Oh^u^ then Homf/((/?*x, p*y) is non-empty. 

For an object x G Ob^^f/, the sheaf Airt(x) is a sheaf of groups on C/U. (Recall 
that over ip: V —>■ U, we have Aut (xj(yj = Aut\/(<y9*x).) Let now A be a sheaf 
of groups on C: We say that W is an A-gerbe if for each object x with p{x) = U 
as above there is a natural isomorphism 

a^-. Aut (x) A\u . 

The naturality in x will force the group A to be abelian, and in the following we will 
restrict our attention to this case. The sheaf A will be referred to as the band of the 
gerbe . We also say that is bound by A. (In the general—non-abelian—case, 
the band L{A) will have a more complicated definition, as the various sheaves A\u 
are glued along U Xx U only up to inner automorphisms. In the abelian case this 
is immaterial and we can abuse the language and call A the band of (#.) 

A morphism A : > Jif is a cartesian functor between the underlying fibered 

categories, and it is an equivalence if it is an equivalence of categories. Moreover, 
if is an A-gerbe, and is a B-geibe, with a group homomorphism f: A ^ B, 
then the morphism A will have to satisfy the obvious commutative diagrams. Such 
a morphism is called an /-morphism. 

An /-morphism for which / is an isomorphism is automatically an equiva¬ 
lence. So is, in particular, a morphism between two A-gerbes and So if A 
is abelian, it follows from IGirVll that A classes of equivalences of A-gerbes are 
classified by {X, A), the standard second cohomology group of X in the derived 
functor sense. See also, e.g. |Bry93| , for a proof in the Cech setting. 

2.1 Gerbes bound by a complex 

We are going to use the notion of gerbe bound by a length two complex A —> i? 
of sheaves of abelian groups over C/X, as in IIMil03i . Let us review the formal 
definition: 

2.1.1 Definition. Let A and B be two sheaves of abelian groups on C/X, and 
S G Hom(A, B), so that A i? is a complex of length two. A gerbe bound 
by A —> i? is an A-gerbe over C/X equipped with a (5-morphism of gerbes 

p: ^ ^ T0RS(5) . 
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(Notice that TORS(i?) is a B-gerbe, so the notion of 5-morphism makes sense.) 

More generally, one would have the notion of a gerbe bound by a sheaf 
of crossed modules, as per Debremaeker’s original definition in ref. IDeb77l . If 
{A, B, 5) be a crossed module, where 6: A ^ B is a group homomorphism, com¬ 
patible with the action of B over A, a gerbe bound by it is an j4-gerbe with a 
5-morphism A above, together with other data relative to the stacks of automor¬ 
phisms of local objects, see ref. IIDeh77l . When both A and B are abelian, the 
crossed module becomes simply a complex, and everything reduces to the data in 
the previous definition. 

As usual, a morphism of complexes (/, g): {A, B, 5) —> {A', B', 5') is a com¬ 
mutative diagram of group homomorphisms: 

A^^B 

f 9 

S' 

A'^^B' 


If ^ and W are bound by (A, B) and (A', B'), respectively, then we have a corre¬ 
sponding notion of (/, -morphism as follows: 

2.1.2 Definition. An (/, g)-morphism from ^ to W consists of: 

1. an /-morphism X: ^ ^ 

2. a natural isomorphism of functors 

a: g^o g g! o \ 


from to Tors (77'). 

In the definition g* is the g'-morphism TORS (A) —> TORS (77) induced by g in 
the obvious way. 

For completeness, let us also mention that we also have the notion of morphism 
of morphisms, see unna. Namely, let (Ai, cci) and (A2, 012 ) be two morphisms 
{^,g) —> (f^',/i'). A morphism m: (Ai,q;i) —> (A 2 ,a 2 ) is a natural transforma¬ 
tion m: Ai ^ A 2 such that the following is verified: 

{g * m) o ai = 02 ■ 

Wifh fhese nofions fhe gerbes bound by a complex of lengfh 2 form a 2-calegory. In 
parficular, when A' = A and 77 = 77' we denofe fhis 2-cafegory by Gerbes (A, 77). 
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2.1.1 Classification of {A, i?)-gerbes. 

Once again, consider the special case A' = A and B' = B, with / and g being the 
respective identity maps. Then we speak of an {A, S)-morphism, and in particular 
of a {A, B)-equivalence if the underlying functor A: is an equivalence 

in the usual sense. {A, B)-equivalence is an equivalence relation, and the set of 
equivalence classes is H^(X, A B). While this can be defined in general (see 
ref. IIDeb77l ) in the abelian case it turns out to coincide with the second hyper¬ 
cohomology group with values in the complex A ^ B in the standard sense (cf. 
IIMil03l i. 

2.1.2 The canonical (/, p)-niorphism. 

Given a commutative diagram of group homomorphisms as above, there is a canon¬ 
ical (/, 5 )-morphism 

(/,p)*: Gerbes(A,5) —> Gerbes(A',5') , 

given by extension of the band. Namely, if is an A-gerbe, there is a well- 
defined procedure giving an ^d'-gerbe which we may call Since locally 

~ Tors(A|( 7 ), then is simply given by standard extension of the 

structure group. Now, if q) is an {A, B)-geibe, then , p* o q) is an {A, B')- 
gerbe and locally the functor g* o g, will be isomorphic to < 7 * o ( 5 * (see in particular 
the proof of Thm. 15.43) below for more details^). The latter will be replaced, by 
commutativity induced from the commutative square of group homomorphisms, 
by (5* o which glues back to a functor g': /*(^) —> TORS (77'). 

This construction is universal in the sense that an (/, p)-morphism can be 
written by the composition of (/, 5 )* followed by a unique (up to equivalence) 
{A', 77')-morphism. 

An alternative characterization of (A, 77)-gerbes will appear in sect. 15.41 when 
we discuss 2 -gerbes bound by complexes. 

2.2 Examples 

The following are few examples of Gerbes bound by complexes of length 2 which 
are relevant from the point of view of extending differential geometric structures 
to gerbes. 

We will first review the definition of connection—or connective structure —on 
a^l -gerbe according to Brylinski and McLaughlin (see, e.g. (BM94]|BM96l, or 
for the smooth case). 

^This construction will not be used until sect. 16. H and it is only dependent on the arguments of 
sect. 1.5.41 in particular the proof of Thm.. 15.4.31 
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2.2.1 Definition. Let be a -gerbe. A connective structure on ^ is the 
datum of a ff^-torsor ‘ifo(x) for any object x € where U C X, subject to the 
following conditions. 


1. For every isomorphism / : x —> y in there is an isomorphism 
/* = ^o(/) : ^o(x) —> ^o(y) 
of ff^-torsors. In particular, if / G Aut(x) ~ ^x\u^ we require: 


( 2 . 2 . 2 ) 


/* : ^o(x) 
V 


^o(x) 

V + dlog / 


where V is a section of ^o(x). 

2 . If g : y ^ z is another morphism in then {gf)* ~ g*f*- 

3. The correspondence must be compatible with the restriction functors and 

natural transformations. Namely, if is the restriction functor 

corresponding to the morphism z : 1/ —> [/ in C/A, then there is a natural 
isomorphism ai : i* o o i* such that the diagram: 


i* ^o(x) 
T(/*) 
i*^o{y) 


Qi(x) 


-^ 


^o(t*x) 

(**/)* 

^o{i*y) 


commutes. Moreover given j : W ^ V and the corresponding aj, there 
must be the obvious pentagonal compatibility diagram with the natural trans¬ 
formations : fi* —> (zj)* arising from the structure of fibered category 
over X. That is, given the object x, we have the commutative diagram: 


'^Ow{j*'l-*x) ^ J* (z*x) 

^owm*x) -— 


fi*^ou{x) 
-!> {lj)*^Ou{x) 


mapping to a corresponding one with y. 

The following is a reformulation of the conditions in Definition l2.2.1l 
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2.2.3 Proposition. A connective structure on the -gerbe ^ amounts to the da¬ 
tum of a structure of gerbe bound by the complex 

Proof That the various conditions in Definition l2.2. ll define a cartesian functor 

-To : > TORS(f73r) 

is just a matter of unraveling the definition of cartesian functor. Moreover, eq. (12.2.2b 
implies that 'tfo is in fact a dlog-morphism. □ 

According to the general results, ^j^-gerbes with connective structure are clas¬ 
sified by the hypercohomology group 


Via the quasi-isomorphisms: 

(4 [_i] ^ (z(2) ^ ^ ^ z(2)^, 

where Z(A;)^ is the weight k Deligne complex, we have that the classifying group 
is isomorphic to the Deligne cohomology group 

H|)(X,Z(2)). 


2.3 Further examples 

Several variations on the theme established in Definition 12.2.11 and Proposition 
I2.2.3l have been considered, typically by providing the necessary modifications in 
Definition 12.2.11 Following the idea embodied in Proposition 12.2.31 they can be 
restated in terms of gerbes bound by a complex. 

In ref. lAldOSal we have introduced a notion of hermitian structure and a vari¬ 
ant of connective structure valued in the Hodge filtration. We consider these exam¬ 
ples next. 

2.3.1 Hermitian Structures. 

Consider the complex: 
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where is the sheaf of smooth functions valued in R>o, the connected com¬ 
ponent of 1 in R^. A ^^-gerbe is said to have a hermitian structure (cf. ref. 
IIAld05al Definition 5.2.1]) if it has the structure of a gerbe bound by 

Classes of equivalences of -gerbes equipped with hermitian structures are 
therefore classified by fhe group 

Recall fhaf fhe latter is fhe fhird Hermitian Deligne cohomology group of weighl 1, 
and fhe isomorphism is induced by fhe quasi-isomorphism 

(Z(l) ^ ^ ^ ^ [-1], 

where fhe firsf is fhe corresponding Hermitian Deligne complex. 


2.3.2 F^-connections. 

A slighf modification of fhe nofion of connective sfrucfure recalled in seel. I2.2l is fo 
consider fhe length 2 complex f lAldOSal f: 


9 log 


4 - 


Note that so this is called a “type (1,0) connective structure” in 

MAldOSal . 


2.3.3 Compatibility. 

We have the obvious map d log: <fx F^^/x and the morphism of complexes 

Slog 

4 ^ FWi 

The notion of compatibility between a hermitian and a type (1,0) connective struc¬ 
tures on ^ amounts to an (id, 9 log)-morphism. In fact, it is the canonical one in 
the sense of sect. 12.1.21 The equivalence with lAldOSal 5.3.2], is merely a ques¬ 
tion of unraveling Definition l2.1.2l for the case at hand. The classifying group was 
identified in iAld05al wifh 1), compufed using fhe complex Dh.h.{^)x- 
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2.3.1 Remark. It was found that the notion of connection compatible with a given 
hermitian structure as defined in loc. cit. not the same as the one used by Brylinski 
and others (see, e.g. |Bry99| Proposition 6.9 (1)]). Here we can further elucidate the 
remarks at the end of IIAldOSall by pinpointing the geometric difference: the notion 
of compatibility used by Brylinski involves solely the structure of 
gerbe, whereas the definition we put forward uses the notion of morphism of gerbes 
bound by a complex. The latter remembers, so to speak, the structure of -gerbe. 


3 Gerbes bound by complexes of length 3 

3.1 (5, C')-torsors 

First, recall that for a given complex B C of non-necessarily abelian groups, 
an (H, C)-torsor (see IDel79lfBre90i ') is a pair (P, s) where P is an P-torsor and 
s a section of a^{P) = P C. A morphism between two pairs {P, s) and 
{P',s') is a morphism / : P —> P' of P-torsors such that cr*(/)(s) = s'. With 
these definitions the (P, C')-torsors form a category, in fact a gerbe, TORS(P, C), 
and we denote by H^(X, B ^ C) the set of isomorphism classes. There is an 
obvious forgetful functor TORS(P,C') —> TORS(P), and a corresponding map 
of cohomology sets H^(X, P —> C) —> H^(A, P). 

When P and C are abelian, which is the case of interest here, the cohomology 
set classifying isomorphism classes of (P, C)-torsors is isomorphic to the standard 
hypercohomology group. 

Suppose we are given a map of complexes 


B^^C 


9 

" 4 ^ 

B' 



then we obtain a functor 

{g,h)^: Tors(P,C')—> TORS(P', C"), 

which is defined as follows. To an objecf (P, s) of TORS(P, C) we associate fhe 
pair {g^:P, h^{s)), where g^P = P A^ B'. This is well defined, since a'^g^P = 
h^a*.P ■ Then if is immediafe fo verify fhaf morphisms 

{P.s)^{P',s') 

in TORS(P, C) are broughf fo morphisms in TORS(P', C). 
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The following alternative characterization will be useful in the following. Us¬ 
ing IIGir71| III. 1.6 .1], it is easily seen that the structure of (i?, C)-torsor on P 
corresponds to the datum of a C-equivariant map: 

cj*(P) ^HomB(P,C) 

(3.1.1) - _/ 

t I->■ [s l-H’ f ^(T*s] 

where Hom p denotes (right) i?-equivariant maps, and C is considered as a right 
f?-space via a. 

3.2 {A, B,C )-gerbes 

Let A B Che, & complex of abelian groups on C/X, and let p: ^ C/X 

be a gerbe with band A. 

3.2.1 Definition. We say that ^ is bound by the complex A ^ B ^ C,or that is 
an {A, B, C)-gerbe, if there is morphism 

jl: ^ — >T0RS{B,C) 

such that ^ is an {A, B)-geibe for the (5-morphism defined by the composition of 
/i with the forgetful functor TORS(i?, C) — > TORS(i?). 

In other words, the structure of {A, B, C')-gerbe on is a factorization of the 
morphism p defining fhe sfrucfure of {A, B)-gerhe fhrough TORS(i?,C). For an 
objecf X e Ob '^u, denofe 


il{x) = {fi{x),v{x)), 

where /i = forget o ft, and ^{x) is a section of (T*(p(x)). 

Nexf, we can consider fhe notion of morphism of fwo such gerbes along fhe 
same lines as for {A, i?)-gerbes. Thus, lef us be given a morphism of complexes of 
abelian sheaves over C/X: 



Lef and be fwo gerbes bound by {A, B, C) and {A', B', C), respectively. 
3.2.2 Definition. An (/, g, /i)-morphism from to consists of: 
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1 . an /-morphism A: ^ 

2 . a natural isomorphism of functors 

a: (5, /i)* o fx fj! o \ 

from to TORS(i?', C) such that the composition (=pasting) F' * a with 
the forgetful functor F': TORS{B',C') —> TORS(i?') is the natural iso¬ 
morphism associated to an (/, p)-morphism as in Definition l2.1.2l 


The second condition in the definition can be explained as follows. Consider 
the diagram 

^ T0RS(5, C) — - - Tors(5) 


(sA)* 


9* 


-—^ Tors(5', C') ——^ Tors(5') 


Pasting with F' gives 


F' * a: F' o [g, /i)* o jl F' o jl' o X 


that is, 


F' * a: g^o F o Jl g! o X 

We require this to coincide with the isomorphism a in Definition l2.1.2l 

Again, we call this morphism an equivalence, or more precisely, an (/, g, h)- 
equivalence, if so is the underlying functor A: In particular, this is 

the case when A' = A, B' = B, C = C and /, g, and h are the identity map, 
which we refer to as an {A, B, C)-equivalence. Being equivalent in this sense is an 
equivalence relation, and we have: 

3.2.3 Proposition. Classes of equivalences of {A, B, C)-gerbes are classified by 
the hypercohomology group 

U.^{X,A^ B ^C). 

Proof We will just sketch how to obtain the class corresponding to a gerbe on 
C/X bound by the complex A ^ B ^ C. Let us proceed under the assumption 
that working with Cech cohomology is sufficient. Thus, let {Ui —> X)i^j be a 
cover for X and assume that W is decomposed IBre94al by the choice of objects 

Xi e Ob^(7i andmorphisms pij: xfuij Xi\uij. 
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For each object Xi the functor jl: ^ —> TORS(f?, C) gives us a pair = 
{^{xi), v{xi)), where u{xi) e r((T*(xj)). Then, from the morphism we obtain 
the morphism of torsors 

{(fij)* = —> fi{xi) 


so that 

(3.2.4) . 

The decomposition {xi,ipij) of gives a cocycle {aijk) G 7?{{Ui —> X),A) in 
the usual way, IIBre94ai . IGirVll IV.3.5.1]. Furthermore, let {si)i^i be a collection 
where Sj is a section of the i?|[/,-torsor fj,{xi). It follows that a cochain (bij) with 
values in B is defined by 

— Si bij , 

and the usual argument shows that 

(3.2.5) o,ijk — bijbji^. 

Now, since jl{xi) is a {B, Cj-torsor, we have that 

cr^isi) = vixi) Ci , 

for an appropriate section CiO^C\u^, for each z G /. On one hand, this gives: 

= v{xi)ci a{bij). 

On the other hand, by functoriality we have 

cr*i{(pij)*{sj)) = a»{fi{(pij)){a^{sj)) 

and using (13.2.4b we finally obtain 

(3.2.6) Ci a{bij) = Cj . 

Then (13.2.5b . (13.2.6b . and the cocycle property for (aijk) give the desired 2-cocycle 
with values in the complex A —> B —> C. □ 

The alternative characterization of {B, C)-torsor at the end of sect. 13. II and the 
technique used in the proof of the proposition can be put together to provide the 
following alternative characterization of the notion of {A, B, (7)-gerbe. 

Let A B -X Che a complex of abelian groups over C/X. 
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3.2.7 Lemma. The structure of {A, B, C)-gerbe on ^ —> C/X is equivalent to 
the following data: 

1. /i; ^ —> TORS(-B) making ^ into an (^4, B)-gerbe; 

2. for each object x G Oh^jj a map v{x ): pl{x) —>■ C\u such that: 

(a) v{x){sb) = u{x){s) a{b) for each section s of p{x) and b of B\u; 

(b) for each morphism f: x —> y in a commutative diagram 


p{x) 


uif) 


^T{y) 



Proof The existence of the map v{x) is simply a consequence of the existence of 
a section z/(x) of (T*(//(x)) in the structure of [B, C')-torsor of p,{x) determines a 
morphism p{x) —> C\u according to (13.1.1b . 

The commutativity of the diagram follows then from the fact that the structure 
of {B, C')-torsor of p{x) implies that ^{y) = a^,p{f){v{x)). □ 

A different characterization of {A, B, C')-gerbes in terms of torsors over a mor¬ 
phism of gr-stacks will appear in sect. 16.11 when we will be discussing 2-gerbes 
bound by complexes (of gr-stacks). 


3.3 Examples: Carvings 

The main example we want to consider, is that of a curving on a -gerbe ^ 
equipped with a connective structure. The concept, introduced by Brylinski ([ |Bry93 |), 
but attributed to Deligne, is the analogous of the curvature of a connection on a line 
bundle. 

possesses a connective structure if it is a gerbe bound by We 

can move one step forward and consider instead the longer complex: 

(3.3.1) . 

3.3.2 Definition. A curving on ^ is the structure of gerbe bound by the com¬ 
plex (13.3.1b . 

According to Lemma l3.2.7l a curving on a gerbe ^ with connective structure 
^0 will be given by a map 

J(f{x): 'rfo{x) —> Qij 
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for each object x G Ob '^u, and open U ^ X, such that 

(x)(V + a) = Jif (x)(V) + da , 

where V is a section of ^o(x) and a is a section of Moreover, if / : x —> y 
is a morphism in then the commutative diagram in Lemma n.2.7l translates into 

^(2/)(/*(v)) = jr(x)(v). 

By direct comparison, we can see that these are exactly the properties of the curving 
listed in |Bry93| , hence our definition agrees with the one in loc. cit. 

It follows from the classification result above that we have a gerbe equipped 
with connective structure and curving defines a class in fhe hypercohomology 
group: 

h2(X, ^ ^ C., Z(3)). 

The isomorphism wifh fhe Deligne cohomology group follows from fhe quasi¬ 
isomorphisms: 

(^x ^ ^ (z(3) ^ ^ ^ 

fhe complex on fhe righf hand side being Z(3)^. 

4 2-Gerbes: main definitions 

In fhis secfion we review some basic definilions and relevanf fads abouf 2-gerbes 
here. The sfandard reference is IIBre94al . which should be referred fo for a com- 
plefe freafmenf. 

Recall fhaf a 2-gerbe is a 2-slack, in parlicular a fibered 2-calegory, safis- 
fying local non-empfiness and connecfivify requiremenfs generalizing fhose of a 
gerbe. The general definition of fibered 2-calegories can be found in IHak72l . 
Analogously fo loc. cif., we will assume fhaf given a fibrafion p: © —> S of 
2-calegories, fhe base 2-cafegory is in effecl a calegory regarded as a discrete 2- 
cafegory—namely, one wifh all 2-arrows being identifies. In olher words, 6 = 
2-©at(S), where S is a calegory. To avoid overburdening our nofafion, we will 
simply wrile our fibrafions as p: 0 —> S, wilhoul risk of confusion. In fhe follow¬ 
ing, fhe calegory S will in fad be fhe sile C/X, wifh all our slanding assumptions 
concerning C/X fo be kepi for 2-gerbes as well. 
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4.1 2-Stacks 


A 2-stack is a fibered 2-category p: 6 —> S such that: 

1. 1-arrows and 2-arrows can be glued, a fact that can be succinctly stated by 
saying that for any two objects G Ob0t/ over U G ObS, the fibered 
category J^omjj{x, y) is stack over S/U\ 

2. Objects can be glued, namely 2-descent on objects holds. 

(A pre-2-stack is a fibered 2-cafegory safisfying only fhe firsf condition above.) 

Wifhouf enfering info foo many defails, if is worfhwhile making fhe gluing 
condifion on objecfs more explicif. Thus, lef U be an objecf of S, and lef {Ui —> U) 
be a cover as usual. The assignmenf of 2-descenf dafa over U is fhe assignmenf of 
a collection of objecfs Xi G Ob &u^ such fhaf fhere is a 1-arrow: 

• Xj > Xi 

over Uij and a 2-arrow (in facf, a 2-isomorphism): 



over Uijk such fhaf fhe following compafibilify condifion holds: 


^ikl ® * ^kl) ^ijl ® * ^jkl) ■ 

The assignmenf of fhe friple (xj, ipij,aijk), is called 2-Descent data. Conditional 
above fhen means fhaf fhere exisfs an objecf x G Ob 0f/ wifh 1-arrows 

il^i: Xi —> X 


and 2-isomorphisms 



safisfying fhe now obvious compafibilify condifions wifh fhe isomorphisms aijk- 
This is referred fo by saying fhaf fhe 2-descenf dafa is effecfive. 
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4.2 2-Gerbes 


In words, a 2-gerbe (5 —> S is a 2-stack in 2-groupoids which is locally non-empty 
and connected. A detailed account of several variants of this definition of a 2-gerbe 
is given in the text IBre94al . Following loc. cit., the properties characterizing a 2- 
Gerbe are the following: 

1. 0 is locally non-empty: assuming S = C/X, there exists a cover U ^ X 
such that Ob 0[/ is not empty. 

2. 0 is locally connected: for each x,y £ Oh&u, for some object U of S, 
there exists a cover (p : V ^ U such that the set of arrows from xy to yy^ 
is not empty. 

3. 1-arrows are weakly invertible: for any l-arrow / : x —> y in l^jj, U £ 
Ob 0, there is an inverse y : y ^ x up to two 2-arrows. 

4. 2-arrows are (strictly) invertible in (5 u- 

There are different equivalent forms of the last two axioms, as well as local ver¬ 
sions of all four to be obtained by considering coverings of U, see IBre94al for 
more details. Here we only quote the fact that condition |3] above is equivalent (if 
condition |4]is also satisfied) fo: 

3’ Given fwo l-arrows / : x —> y and g : x z in t5u, fhere exisfs a 1-arrow 
h : y ^ z and a 2-arrow a : h o f ^ g. 

Finally, a nofe of caution: allhough Ihe stack J^omu{x, y) is locally non emply by 
condition |2j in general if will nol be connecled, so lhal condition |3l does nol quite 
imply lhal Jifomu{x, y) is a gerbe. This is Ihe case when x = y for fully abelian 
2-gerbes, fo be discussed below. 

4.2.1 Gr-stacks of automorphisms 

To conclude Ihese remarks of preparalory nafure, lel us briefly discuss aufomor- 
phisms of objecls. 

For any given objecl x £ Ob0{/, Ihe slack v/utu{x) of self-arrows of x is 
a slack in groupoids equipped wifh a slriclly associative monoidal structure, lhal 
is a functor £/utu{x) x s^utjj{x) —> s^utjj{x) implementing a producf law on 
s/utu{x). If follows from Ihe 2-gerbe axioms lhal £/utu{x) admits a choice of 

*Note that given ip -.V ^ U and an object x above U thanks to the axioms of a fibered 2-category 
we can speak of “the” object xv above V with an arrow xv x above p up to 2-equivalence. 
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inverses, compatible with descent, hence it is a group-like stack, or gr-stack, for 
short, cf. IBre92l [Bre94al [SR72I . 

Analogously to the gerbe case, if ,( 2 / is a fixed gr-stack on S, we define a - 
gerbe fo be a 2-gerbe 0 over S such fhaf for every objecf x G Ob &u fhere is an 
equivalence 

Ox ■ £/utu{x) -> £/\u . 


4.3 Abelian 2-gerbes 

A -gerbe fo be abelian if the equivalences introduced above are natural in 
the sense specified in IBre94al Definition 4.13]. As shown in loc. cif.. Ibis has fhe 
consequence fhaf is braided, fhaf is, fhere is a commufafivify funcfor for fhe 
monoidal strucfure. 

An additional commufafivify condition is fo assume fhaf 

£/ = Tors (A), 

for a sheaf of abelian groups A over S. (Since A is abelian, fhis is a gr-sfack under 
fhe sfandard confracfed producf of A-forsors.) 

As explained in loc. cif., fhese fwo requiremenfs have fhe consequence fhaf 
the gr-stack £/utu{x) is a gerbe over S/U, and in fact a neutral one, i.e. it is 
equivalent to TORS(A|[/), since it has the global object id^:. Automorphisms of 

1- arrows are then equivalent to sections of the sheaf of groups A, as in IBM941 . 
If both commutativity conditions hold, we commit a mild abuse of language and 
say that the 2-gerbe © is bound by the sheaf of abelian groups A, or that it is a 

2- A-gerbe, dropping the typographical reference to the gr-stack . 

It is by now standard that the. fully abelian 2-gerbes, or 2-A-gerbes, are classi¬ 
fied up to equivalence by the ordinary cohomology group A). 

In what follows we will limit our consideration to abelian 2-gerbes which are 
not, however, necessarily fully abelian. 

4.3.1 Morphisms. 

As noted, a morphism between two 2-gerbes © and is a cartesian 2-functor 
F: © —> 9) between the underlying 2-stacks. 

Suppose that © is a 2-s^-gexhe and ^ is a 2-.^-gerbe, and A; —> AS 

is a morphism of gr-stacks, where we assume both and AS at least braided. 
By analogy with the case of gerbes, we will call F a X-morphisni if the obvious 
commutative diagrams (up to 2-isomorphism, this time) are satisfied. In particular, 
this means that F must be compatible with the morphisms in the sense that we 
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have the following diagram: 


s^ut{x) - ¥ £/ut{F{x)) 



for an appropriate isomorphism Vx- 

In particular, we are interested in the situation where a homomorphism 5: A — 
B of abelian groups is given, and A = (5* is simply the induced functor: 

(5* : TORS(A) —> T0RS{B) . 

between the corresponding gr-stacks. In this case we will refer to F as a 6- 
morphism, with a mild abuse of language. The salient property of a 5-morphism in 
this sense is that if a section a £ A\u corresponds to an automorphism of a 1-arrow 
/ of 0^, then the corresponding automorphism of F{f) in S^jj will be 5(a) G B\u. 

4.3.2 Classification. 

As already mentioned, a 2-A-gerbe is classified by an element of the (ordinary) 
cohomology group {X, A ): Let us briefly recall here the well-known local cal¬ 
culation leading to the classification. 

For simplicity, let us remain in the Cech setting, so let us once again consider a 
cover {Ui —> X)i^j of X. Now, given a 2-gerbe 0, let us choose a decomposition 
by selecting a collection of objects Xi in 0f/.. There is a 1-arrow 

^ij • Xj ^ 

between their restrictions to Then axiom |3i]in sect. 14.21 and the abelianness 
assumptions imply that there exist 2-arrows such that: 

(^ijk • Vij ® ^jk '' ^ik • 

Over a 4-fold intersection Uijki, we have two 1-arrows ipij o (pjk o ip/^i: xi Xi 
and (fin : xi ^ Xi and between them two 2-arrows, namely Uiji o * aju) and 
Oiiki o {oiijk * • Since 2-arrows are strictly invertible, it follows again from 

the axioms that there exists a section aijki of over Uijki such that 

(4.3.1) Oliji O (id(^- *CVjkl) Oiijkl ® tXikl O iptijk * ■ 

This section is a 3-cocycle and the assignment 0 i—> [a] gives the classification 
isomorphism. 
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5 2-Gerbes bound by a complex 

5.1 ^-torsors 

The notion of torsor under a gr-stack will play a significant role below. The defini¬ 
tion has been given in full generality in IBre90l 6.1], and IIBre92l . so here we will 
confine ourselves fo only recall fhe main poinfs. 

Lef be a gr-sfack onC/X. Briefly, a slack in groupoids ^3^ will be a (righf) 
,^^-lorsor if fhere is a morphism of slacks 

m\ ^ SB —> 

compatible wilh fhe group law of ^ in fhe sense specified in loc. cil., and such lhal 
fhe morphism 

m = (prj^, m) •. IX* ^ ^ ^ ^ 

is an equivalence. As in loc. cif., fhere will be an associafivily nalural isomorphism: 

IJ^x,b,b' ■■ (x-b) -b' ^ X- {b-b'), 

where x ■ b slands for m(x, b). This isomorphism will have lo safisfy fhe slandard 
penlagon diagram. 

Having so far defined whal oughf lo be called a pseudo-tovsox, we need lo 
complele fhe definition by adding fhe condilion lhaf fhere exisls a cover U ^ X 
such lhal fhe fiber calegory is non-emply. 

There are a few conslruclions for ,^-lorsors lhal are generalizations of well- 
known ones for slandard lorsors which we are going lo recall now: cocycles and 
conlracled producls. 

5.1.1 Contracted product of torsors. 

The notion of contracted product for torsors over a gr-stack is introduced in IIBre90l 
§6.7]. 

If (resp. is a right (resp. left) ,^-torsor, the contracted product 
is defined as follows. The objects are pairs (x, y) e Ob ^ x A morphism 
(x, y) —> (x', y'), however, is an equivalence classes of triples (/, 6, g), where b e 
Ob 3B, and /: x-6 —> x' and g: y —> b-y' are morphisms of ^ and respectively. 
Two triples (/, b, g) and (/', 6', g') are equivalent if there is a morphism f5\ b ^ b' 
in 3B such that f = f o (x ■ P) and g' = {P ■ y') o g. 

Properties analogous to the familiar ones for ordinary torsors hold. For exam¬ 
ple, one has the isomorphism 

{x-b,y) {x,b-y), 


30 








given by the pair (idj^.?,, b, id^.^). 

In the following we will be considering braided (and in fact, Picard) gr-stacks 
exclusively, hence the distinction between left and right-torsor will not matter. In 
principle, by analogy with the case of standard torsors over an abelian group we 
could dispense with the notation for the contracted product and denote the product 
with the symbol ^ ® instead. We will not do so, however. 

5.1.2 Cocycles. 

A torsor over a (not necessarily braided) gr-stack ^ can also be characterized 
by a cocycle with respect to a cover. 

Given a cover [Ui —> X)i^j, the torsor ^ has non-empty fiber categories 
over it. Thus choose objects Xi G Oh Since by definition is locally 

(i.e. over the cover) equivalent to it follows that we can obtain isomorphism 
Xj Xi ■ bij, where bij is an object of ^ over Uij, and the isomorphism takes 
place in .. (We are systematically ignoring the isomorphisms resulting from 
the pull-back functors.) By pulling back to Uijk we obtain a 1-cocycle with values 
in 

(5.1.1) f^ijk • ^ij ■ bjk • 

The isomorphisms fdij^ in ^\uijk satisfy the obvious compatibility con¬ 

dition on quadruple intersections Uijki, which we do not explicitly write here. The 
pair {bij, Pijk) is the 1-cocycle with values in the gr-stack ^ determined by 

5.1.3 ,^-torsors and i?-gerbes. 

It arises from the general classification theory of 2-gerbes that TORS(.^) is a 2-^- 
gerbe. Moreover, it follows from the general discussion in IBre90l §7.2 and Propo¬ 
sition 7.3] that if = TORS(i?), then TORS(,^) is equivalent to Gerbes(7?), the 
2-gerbe of i7-gerbes over X. 

It is possible to see this via the 1-cocycle pair (15.1.1b as follows. Recall that 
^ = TORS(i?) with B abelian, so we obtain a “torsor cocycle” in the sense 
of IBre94bl . It follows that the groupoids TORS (77)It/, can be glued in the standard 
way to give a 77-gerbe. 

5.1.2 Remark. The argument just outlined is of course not specific to B being 
abelian. Upon replacing TORS(77) with BlTORS(77) everything works in general. 

5.1.3 Remark. The 1-cocycle written above coincides with Hitchin’s notion of 
“gerbe data ,” llHitOTl . The latter lacks the categorical input, however. 
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5.2 Crossed modules of ^r-categories 

It was observed above that the complex S: A —> B of abelian groups ought to 
be considered as an abelian crossed module, namely one where we impose strict 
commutativity on the associated gr-category. (That is, we demand it be strictly 
Picard.) 

It turns out that a similar pattern holds in the case of a crossed module of gr- 
categories in the sense of IBre921 Definition 2.2.8]. It requires that there exist 
additive functors 

A: —> Ad ^ J-. Ad —> (oq{s!/) 

such that the relations determined by the following diagrams hold: 



Ad X 





X A 

Ad X 



where (Aq{s^) denotes the gr-stack of self-equivalences of denotes the inner 

conjugation, and the top and bottom horizontal arrows in the diagram to the right 
are the actions oi Ad on and on itself induced by j and the inner conjugation. 

Now observe that requiring the resulting group law on £/ x to be commuta¬ 
tive (up to natural isomorphism), entails that both £/ and are braided, and that 
the action of on j?/ is trivial. Thus, an abelian crossed module of gr-categories 
will simply be an additive functor 

(5.2.1) A:^/— 

between braided gr-categories. The same conclusions hold if we replace gr-cate- 
gories with gr-stacks over C/X. We will also refer to (15.2.1b as a complex of 
(braided) gr-stacks. 

If both £/ and have strict group laws, then they are the gr-categories asso¬ 
ciated to crossed modules, so we obtain a “crossed module of crossed modules,” 
namely a crossed square, see ILod82lBre92l . Thus (15.2.1b reduces to the commu¬ 
tative square 


A^-^B 

(5.2.2) 5 

G^H 
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where the vertical arrows are the crossed modules associated to and respec¬ 
tively, and the horizontal arrows, as well as the composite diagonal one, are also 
crossed modules. There are other axioms, for which we refer the reader to the 
treatment in loc. cit. We will not need them here, however, because if both si and 
^ are strictly commutative, their associated crossed modules become complexes 
of abelian groups, so that (15.2.2b becomes a commutative square of homomor- 
phisms of abelian groups, which is the situation we will be interested in. Thus 
“crossed square” will be meant as a synonym for a morphism of complexes of 
abelian groups. 

5.3 2-(.2/, e^)-gerbes 

We are now going to consider the analog of Definition 12 .1.1 1 for abelian 2-gerbes. 
We proceed by giving a direct generalization of Definition l2.1.1l where we replace 
the complex A ^ B with the length 2-complex (that is a morphism) of gr-stacks, 
which we assume braided, heeding to the principle that we climb the ladder of 
the higher algebraic structures by promoting the coefficients of cohomology from 
sheaves of (abelian) groups, to gr-stacks, etc. 

5.3.1 Definition. A 2-gerbe bound by the complex (15.2.1b is a 2-s/ -gerbe 0 over 
C/X, equipped with a A-morphism: 

J: 0 —>TORS(,^). 

A 2-gerbe bound by the complex (15.2.1b will be called a 2-{s/, -gerbe. (Notice 
that TORS(,^) is a 2-,^-gerbe in an obvious way, hence the notion of A-morphism 
makes sense.) 

If 0 is actually a 2-A-gerbe, and = TORS(i?), where i? is a sheaf of abelian 
groups over C/X, with a homomorphism 6: A — > B, we call it a 2-(A, S)-gerbe, 
or a 2-gerbe bound by A ^ B. (The morphism J in the definition is a A = 5*- 
morphism.) 

For a 2-(A, i?)-gerbe, owing to the last remark in sect. 15. II Definition l.5.3.1l can 
be recast in the form used in IAld05al Definition 5.5.1] (in a special case), which 
we state here as a lemma: 

5.3.2 Lemma. The datum of a 2-{A, B)-gerbe is equivalent to that of a Cartesian 
2-functor 

J : 0 —> GERBES(i?) 
which is a 5-morphism of 2-gerbes. 
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Morphisms of 2-gerbes bound by a complex of length 2 can be defined by 
promoting Definition 12. 1.21 to using braided gr-stacks and then (for those coming 
from abelian groups) using T.emma l5.3.2l Specifically, analogously to what was 
done in sect. irn consider the square of gr-stacks: 

^ 

(5.3.3) 


5.3.4 Definition. A ((^, ?/))-morphism (F, /r): (0, J) —> (0', J') consists of: 

1. an (/j-morphism F : 0 —> 0'; 

2 . a natural transformation of 2 -functors: 

fi: o J j' o F: 0 —> TORS(=^^), 

where ■ 0 * : TORS(,^) —> TORS(,^') is induced from ip in the obvious way. 

In particular, the special case where (I5.3.3f is induced by the morphism of 
complexes 

{f,g):{A,B,6)^{APB',6') 

of abelian groups will be referred to as an (/, 5 r)-morphism of the 2-{A, F)-gerbe 
(0, J) to the 2-{A' , i?')-gerbe (0', J'). Using T.emma l5.3.2l condition |2l in Defi- 
nition lSAll savs that we have a natural transformation of 2 -functors 

/i: 5 ** o J J' o F: 0 -> Gerbes(F') , 

where < 7 ** : Gerbes(F) —> Gerbes(F') is induced from g : B —> B'. 

We speak of a , ,^)-morphism if = j?/ and Fi' = AS and both ip and 
Ip are identities. We shorten this to (A, F)-morphism if both gr-stacks arise from 
abelian groups A and B in the usual way. We speak of an equivalence if the under¬ 
lying 2-functor F is an equivalence of 2-stacks. 

5.4 Classification I 

The classification of 2-(A, i?)-gerbes follows the usual pattern. The following 
theorem generalizes previous results on connective and hermitian structures on 2 - 
gerbes, see lRM961[Br^ and lAldOfial . 
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5.4.1 Theorem. Let 5: A ^ B be a complex of abelian groups over C/X. Equiv¬ 
alence classes of2-{A, B)-gerbes are classified by the elements of the (ordinary) 
hypercohomology group 

11^{X,A^ B). 

Proof We only need to sketch the proof, for the details can be lifted from the above 
quoted references and adapted to the present situation without difficulty. Therefore 
let us only indicate how to obtain the cocycle representing the class of a given 
1-{A, S)-gerbe. 

Let us work in the Cech setting, so let (Ui X)i^i be a cover as usual. Let 
(©, J) be a 2-{A, i3)-gerbe over X, and let Xi, (pij, and aijk be objects, morphisms, 
and 2-morphisms providing a full decomposition of © relative to the chosen cover 
as in sect. EH In addition, let us pick a decomposition of the gerbes J{xi) over 
Ui by choosing objects r* and arrows : J{pij){rj) ri. 

Over Uijk we obtain the following diagram in 

o J{(pjk){rk) J((pij)(rj) — - >ri 

^ijk 

Ji^ij ° Pjk){rk) - - - 7^ J{Pik)irk) — - 

which defines fhe section bijk € Aut fr,;) ~ (The leff vertical arrow comes 

from fhe nafural fransformafion builf in fhe definition of 2-funcfor IHak72l .) 

Pulling back fo Uijki we obfain a cube determined by fhe objecfs ri,... ,ri 
whose faces are builf from copies of fhe previous diagram. Using relafion (14.3.1b . 
and fhe facl fhaf J is a J-morphism, we finally have: 

^jkl ^ikl ^ijl ^ijk ~ K^ijkl) , 

which fogefher wifh fhe cocycle relafion satisfied by atjki (consequence of (14.3. Ib f. 
gives fhe desidered cocycle relation for {oijki, bijk)- 

To conclude, lef us hinf af how fhe procedure is reversed. The firsf sfep is fo glue 
fhe local frivial 2-gerbes Gerbes via Oijki- This is sfandard, see IIBre94al 

BM941[BM96I . Then we define a 2-funcfor J by assigning fo each objecf Xi over 
Ui, i.e. an A|; 7 .-gerbe, fhe frivial i?|{/.-gerbe J{xi) = TORS(S|; 7 j. Over Uijk, the 
section bijk is used as an automorphism of an objecf r* of J{xi), and fhe cocycle 
condition above ensures compafibilify. □ 

Using fhe resulfs in secf. l2.1l abouf (A, i?)-gerbes we can informally reword fhe 
proof of fhe fheorem by noticing fhaf fhe represenfafive cocycle of fhe 2-{A,B)- 
gerbe 0 was given in terms of (A, i?)-gerbes. We wanf to make this observation 
precise. 
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To this end, let us first observe that if <5: ^ > i? is a complex of sheaves of 

abelian groups, then ^ = TORS( 74 , B'), introduced in sect. 13.11 is a gr-stack: the 
group law is given by the standard contracted product, so for two pairs (P, s') and 
(Qjf) we have (P, s)® (Q, f) = {P'S>Q,st). In fact ^ is the gr-stack associated to 
the homomorphism A ^ B viewed as an abelian crossed crossed module. Thus, 

^ = T0RS(^, B)c^{A^ P)~ , 

cf. IIBre90llBre94ai . 

The following intermediate results (in the next proposition and theorem), are 
also of independent interest, as they provide an alternative characterization of 
{A, P)-gerbes. 

5.4.2 Proposition. Equivalence classes of^ = TORS(^, B)-torsors are classified 
by the hypercohomology group H^(X, A —> P). 

Proof. Let be a ^-torsor. According to sect. 15.1.!^ the choice of objects Xi in 
the fiber categories with respect to a cover (Pj —> X)i^i, determines a pair 
{hij^lijk) with values in ^ satisfying the cocycle identity 15.1.11) . 

Given the specific nature of each gij is an )-torsor, namely 

it corresponds to a pair (Pijfiij), where Pij is an A-torsor over Uij, and tij is a 
section of Pij A^B. Moreover, jijk : Pij®Pjk ^ Pik (suitably restricted to Uijk), 
and ^*(^'yijk){lijljk) P/c- 

It is perhaps better not to assume at this point that the torsor Pij is trivialized, 
but rather consider the full blown hypercover {Ufij, Ui), where {Ufij —> Uij)a£Aij 
is a cover, and assume that sfj is a trivializing section of Pij over Ufij. This choice 

gives rise to sections of ALa /37 and 6" of P|t/“, in the usual way: 

^ ijk 

lijkisij ® 4) = (fijk > tij = (sfj A 1) bfj . 

Then, using that s • a A 1 = s A 6{a) = (s A 1) • 6{a), it is easily checked that 
(^tfk ’ ^fj ) satisfies the cocycle condition with values in the complex A ^ B with 
respect to the chosen (hyper)cover. The rest of details (to check that this is well- 
defined on classes) are routine and left to the reader. 

Conversely, given a cocycle with values in A —> P with respect to the above 
hypercover, we can reconstruct (A|[/.P|[/. .)-torsors (Pijfiij) satisfying the co¬ 
cycle condition. We can then glue the various using this cocycle to obtain a 
-torsor on X. Details are again left to the reader. □ 

Now we consider the trivial 2-gerbe TORS(^) of torsors over the gr-stack 
Also recall that Gerbes(A, P) denotes the fibered 2-category of (A, P)-gerbes 
over X. 
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Proposition l5.4.2l and the fact that the same hypercohomology group classifies 
{A, i?)-gerbes as well suggest the following theorem, which is an extension, in the 
abelian context, of IBre901 Proposition 7.3]. To prepare the statement, observe that 
there is an action 


TORS(A) X TORS(^, i?) -> TORS(A) 


given on objects by 


where (P, t) is an {A, P)-torsor, and Q is an A-torsor. Of course, since A is an 
abelian group, TORS(74) is itself a gr-stack. Also, by local the triviality of torsors, 
an A-torsor is locally isomorphic to an (A, P)-torsor, thereby making TORS(A) a 
Tors(A, P)-torsor. 

5.4.3 Theorem. Let = Tors (A, P). There is an equivalence (of 2-stacks) 

F: TORS(f#) ^ Gerbes(A, P) 

given by: 

F: I—> Tors (A) 3^. 

In fact, the equivalence in the proposition is an equivalence of neutral (or triv¬ 
ial) 2-gerbes bound by . 

Proof. We will confine ourselves fo give a description of fhe 2-funclor F, as well 
as ifs quasi-inverse, following loc. cif., and leave fhe verificafion of fhe defails fo 
fhe reader. 

Given a cover U ^ X, by definition we have an equivalence 
3^u = Tors(A|[/, B\u) . 

Moreover, observe fhaf for any gr-sfack ^ and for any slack in groupoid wifh fr¬ 
action 3^, we have an equivalence 

3^ 3^ X I—> (x, or^) , 

where is fhe unil objecl in fT. By fhe same argumenf in fhe proof of IIBre90l 
Proposition 7.3], we have fhe equivalence: 

T0RS(A|;7) ^ T0RS(A|[/) ^ TORS(A|;7) 
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showing that TORS(yl) is locally equivalent to TORS(yl), hence it is an A- 

gerbe. We make it into an (A, B)-gerbe by defining 

;U = (5*A1; TORS(yl)A ^=^—> TORS(B). 

This is well-defined, since locally fhe definilion dicfafes (Q, {P, t)) (5*((5) and, 

using fhe properties of fhe confracfed producf, we have 

(g, (p, t)) ^ (g • (p, t), (A, 1 )) = (p ® g, (a, i)), 

so fhaf 

(g, (p, f)) I—> (5*(p 'S>Q) ^ s*(p) <8) (5*(g) (i*(g), 

since (5*(P) ~ B, by definilion of {A, P)-lorsor. (The pair {A, 1) represenls fhe 
unif elemenl in = TORS(yl, B).) 

Conversely, lei (cS, n) be an {A, P)-gerbe. Since if is in particular an A-gerbe, 
Ihere is an equivalence 

^\u T0Rs(yl|t/) 

wilh respecf lo a cover U ^ X, so lhal locally fhe slrucfure of {A, P)-gerbe 
becomes 

TORS(yl|;7) TORS(P|;7) . 

In lurn Ibis is isomorphic lo ti*, fhe “change of slrucfure group” functor. To see 
Ibis, consider Ihe image E = /i(A) of Ihe Irivial lorsor. Since fi commutes wilh 
Ihe producl of lorsors (since Qi iSi Q 2 — Qi Q 2 for A abelian), il follows from 
g ~ g (g) yf thal E c::! B, Ihc Irivial P-lorsor. By local Irivialily over U and Ihe 
fad lhal is a ti-morphisms, il follows lhal ^{Q) ~ ()*(g). 

A calculation identical to Ihe one carried oul to show lhal (5* A1 is well-defined, 
shows lhal if (P, t) is an (A, P)-torsor, Ihen Ihe morphism 

P(8)-: TORS(A|t/) —> TORS(A|t/) 

preserves Ihe functor 5*, namely Ihe diagram 


T0RS(A|;7) -^T0RS(A|;7) 



TORS(P|c/) 


commutes. In olher words, lensoring wilh an (A, P)-torsor is locally a mor¬ 
phism of (A, P)-gerbes. Moreover, since any equivalence u: TORS(A|[/) ^ 
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T 0 RS(^|i 7 ) can be realized as Q Pj, (g) Q for an appropriate torsor P^, compat¬ 
ibility with the previous diagram forces to be an {A, P)-torsor. Denoting by Sq 
the stack of equivalences, the foregoing proves that the correspondence 

^ I—> S’q{TORS{A), 

gives the required quasi-inverse equivalence to F. □ 

5.4.4 Remark. The theorem gives another perspective on the canonical morphism 
introduced in sect. imi Namely, if we have a morphism (15.2.1b of Picard gr- 
stacks coming from the crossed square (I5.2.2t . from the theorem we obtain a mor¬ 
phism 

Gerbes(74,G) —>Gerbes(P,P) 
as the conjugate o A* o of the induced morphism 

A* : TORS(j2/) —> T0RS(,^) , 

where F, is the appropriate equivalence from Theorem 15.4.31 and F* its quasi¬ 
inverse. It is immediately seen that this morphism corresponds to the canonical 
morphism {f,u)^. 

We return to 2-gerbes. The following proposition generalizes sect. 14.3.21 and 
Theorem 15.4.11 and it can be considered as the analog of Proposition l5.4.2l to the 
case of 2-gerbes. 

5.4.5 Proposition. Let ^ = TORS(74, B). Equivalence classes of2-W-gerbes are 
classified by the hypercohomology group H^(X, A ^ B). 

Proof. Most of the ingredients of the proof can be extracted from the cocycle anal¬ 
ysis in IBre94al . c.f. in particular §4.7. 

Let 6 be a 2-l#-gerbe. Given a cover {Ui —> X)i^j, the choice of objects Xi G 
0^. determines, by analogy with sect. 15.1.31 ^^-torsors (Eij = J^om{xj\u^■,Xi\uij) 
over Uij. Note that (oij is a ^-torsor, rather than a ft/torsor, thanks to the fact that 
^ is braided. The torsors S’ij satisfy the following cocycle condition: we have 
equivalences 

(5.4.6a) pijk : (Fij —> ffjfc 

and natural transformations (isomorphisms): 

(5.4.6b) Vijki : Qiki ° [hijk A 1) Piji o (1 A gjki) 

arising from the pentagonal 2-cell determined by starting at 

(J’, A%k) A^^kl , 
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and associating with the help of (I5.4.6ab . Moreover, the morphisms Uijki satisfy 
the appropriate coherence condition extracted from (I5.4.6bl) over Uijkim- 
Notice that a section of, say, Sij over —> Uij is a 1-arrow 

Xi\ua , and similarly for the other indices. Therefore the restriction of 
to can be identified with an object of f^l^a/ 37 . The same reasoning leads 

ij k 

to the identification of the restriction of Uijki, with the appropriate decoration of 
upper indices, with an arrow of (a corresponding restriction of) . Finally, we note 
that the equivalence in eqn. (I5.4.6ab is given by the composition of 1-arrows and 
2-arrows in 0. Thus eqns. Km can be interpreted as giving a cocycle condition 
for {gijk, Vijki) with values in . 

Now, since = TORS(^, 5), is the stack associated to the abelian crossed 
module (i.e. complex of abelian groups) 6: A ^ B, the corresponding sheaf of 
groupoids will be 

A X 

with source and target maps given by s{a,b) = b and t{a,b) = 6{a)b, so that 
(neglecting the upper indices) the object gijk can be identified wifh a secfion bijk 
of B, and fhe morphism Vijki wifh a secfion aijki of A. Now (I5.4.6bb reads: 

b(Ojijkl) bijk bikl — bjkl bijl 

which is fhe desired relation. Puffing if fogefher wifh fhe cocycle condition for aijki 
determined by fhe coherence condifion on fhe Vij^i alluded fo above, provides fhe 
required 3-cocycle wifh values in fhe complex A ^ B. □ 

Mefhods similar fo fhe approach of fhe proof of Theorem |5.4.3l give fhe follow¬ 
ing fheorem. We omif fhe proof. 

5.4.7 Theorem. Let again = TORS(^, B). Then a 2-'^-gerbe is equivalent to a 
2-{A, B)-gerbe, where the equivalence takes place in the appropriate 3-category. 

The upshof of fhe foregoing unfortunately rafher lengfhy discussion can be 
summarized as follows. Given a complex of abelian groups 5 : A ^ B, fhe 
following fwo sfrucfures on a 2 -^-gerbe 0 are equivalenf: 

1. 2-gerbe bound by 5 : A ^ B, and: 

2. 2-gerbe bound by 5^ = TORS (A, B). 
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They correspond to the following crossed squares of the type (15.2.2b : 


A—^B 

itemn 

" 4 ^ " 4 ^ 

1 - ^1 


A -1 

item 12 <5 

- 4 -' * 4 ^ 

B - 


where for case ^ we consider A and B as crossed modules A ^ 1 and B —> 
1 , whereas case |2l corresponds to the crossed module A: ^ where is 

associated to 1 ^ 1. The equivalence can be traced to the symmetry of the crossed 
square. 

Next, we are going to explore the case when the crossed square (l5T2l is non¬ 
trivial. 


5.5 Classification II 

Our first step is to address the case of a 2-gerbe bound by a crossed module of 
braided gr-stacks dsm in greater generality than in the preceding sections. Note 
that there is an obvious induced map: 

(5.5.1) A* : TORS(j:/) —> TORS(.^), 

given by SS. It is convenient to have the following definition at hand: 

5.5.2 Lemma-Definition. Given a cover iix = {Ui X)i^i, a 1-cocycle with 
values in (15.5.1b is the datum of^/-torsors S’ij over Uij and .^-torsors over Ui, 
such that the cocycle condition (l5A6t holds for the S’ij’s, and moreover there are 
equivalences of AS-torsors 

(5.5.3a) ^ij : A* {S^j) K^^j ^ 

and natural transformations (isomorphisms): 

(5.5.3b) nfiij}^. ^ij o (1 A '' Cik ® A 1). 

The natural transformations rriijk are subject to the following coherence condition: 

(5.5.4) ^ii * K{vijki) o rriiji * (1 A K{gjki) A 1) o ^ij * rrijki 

= rriiki * {K{gijk) A 1 A 1) o rriijk * (1 A 1 A ikl) ■ 

5.5.5 Remark. An easier (but less precise) way of displaying dm is to ignore 
the pastings with the identity 2-arrows, so that we have: 

j^^iyijkl) ^ tTiiji o rrijki — 'eriiki o rriijk • 
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Proof. The calculations are tedious, but entirely straightforward. We will content 
ourselves to note that one has to form the standard cube of morphisms etc. 
starting from 

(5.5.6) A* {Sij 

and ending to ^i, modulo the association isomorphisms for the contracted product, 
which have been ignored in eq. (I5.5.4L Then (I5.5.4t is the result of composing the 
faces of this cube. Note that in (15.5.4b there are five terms, since one of the faces 
will be strictly commutative, namely the one corresponding to contracting the first 
two, and the second two terms in (15.5.6b . □ 

We complement the definition of 1-cocycle with the notion of equivalence as 
follows: 

5.5.7 Definition. Two 1-cocycles and (^/j, ^/) with values in (15.5.6b are 

equivalent if there exist j 2 ^|f/.-torsors .Bi over Ui such that there are equivalences: 

(5.5.8a) 

(5.5.8b) A^^ . 

The following is a mild extension of the statement in IIBre921 4.1.11] in the 
braided case. 

5.5.9 Theorem. Equivalence classes of 2-{s^, PS)-gerbes are classified by the set 
U\X, T0RS(.5/) ^ TORS(^)), 

namely the (pointed) set of equivalence classes of 1-cocycles in Lemma-Definition 
\5.5.2\ under the equivalence of Definition 15.5. 7l 

Proof Let 0 be a 2-{s^, Pd)-g&vhe.. Since it is in particular a 2-j^-gerbe, the 
choice of objects x* G Ob &[/■ with respect to an open cover ilx = {Ui —> X)i^j 
will generate a 1-cocycle {(^ij} with values in Tors(j 2 /), as in the proof of propo¬ 
sition |5A5l eqns. (l5A6l . This part and the rest of the cocycle analysis of the 
2-gerbe 0 is as in IIBre94al . especially §4.7, with the additional hypothesis that we 
are in the braided case (so that we are in the “decoupled” situation). Full details 
will be found in loc. cit. 

The new part is the one related to the extra structure given by the 2-functor 

J: 0 —> TORS(.^), 

as part of the definition of 2-{s^, =^)-gerbe. Using J, for each object Xi we obtain 
a ,^^-torsor = J{xi). Now, recall that (fjj = J^om{xj\uij, Xi\uij). Objects and 
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arrows of S'ij over —> Uij correspond to 1-arrows between Xj\u^. and Xi\u^. 

and 2-arrows between them. Via J, we get equivalences and natural isomorphisms 
between the corresponding torsors and In short, there is an equivalence: 

(oij —> ^i), 

where the M’om on the right hand side denotes the category of morphisms of tor¬ 
sors (defined e.g. as in IBre901 §6]). That is, it is the ^om in TORS(,^). In turn, 
this equivalence can be written in the form of eqn. (|533aJ, using the correspon¬ 
dence 

ftj' — ^[y' — ^Mftj){y)] - Kiftj)^y' — ^K{ftj){y), 

where is an object of S’ij, i.e. 1-morphism of 0, over and similarly for 
2-arrows. Here we have also used the fact that J is a A-morphism, therefore an 
j 2 /-torsor corresponds to ^ SS. 

The inverse correspondence is obtained by generalizing the standard gluing of 
local trivial 2-gerbes 

TORS(i/|f/J 

in away analogous to the proof of Thm. l5.4.1l Namely, given a 1-cocycle 
first we glue TORS{£/\uj)\uij with TORS{^\ui)\uij via S’ij by 

^ I—> A^Sij , 

and verify that this is coherent thanks to eqns. (15.4. 6t . Thus we obtain a 2 -£/-gerbe 
0 , and, as a byproduct, this procedure gives a collection of objects Xi providing 
the labeling with respect to which the newly obtained 2-gerbe 0 is represented by 
the cocycle Sij. We then define J as: 

J\Ui : 0f/, TORS(j2/|[/J —> TORS.{^\ui) 

by assigning fo Xi fhe ,^-forsor ^i. More generally, fo any objecf of 0[/., i.e. fo 
any j 2 /|f/.-forsor we assign fhe ,^|[/.-forsor 

X,{^) A^^i. 


We leave fo fhe reader fhe fask fo verify fhaf fhe fwo consfrucfions are inverse of 
one anofher. 

Finally, given a 2-(.e/, -gerbe, a second collecfion of objecfs {yi} subordi- 
nafed fo fhe same cover defermines a new cocycle {SX, Moreover, for each 
i £ I we have fhe j 2 /|[/.-forsor J^i = Jif’om{xi,yi). If is easily verified fhaf fhe 
collecfion {J^i} satisfies bofh eqns. (15.5.8b . □ 
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When the coefficient complexes of braided stacks come from complexes of 
abelian groups the previous theorem can be rephrased in terms of ordinary hyper¬ 
cohomology. More precisely, we have the following statement. 

5.5.10 Theorem. If the braided gr-stacks and are strict and correspond 
to abelian crossed modules A ^ G and B ^ H, respectively, then equiva¬ 
lence classes of , A^)-gerbes are classified by the (ordinary) hypercohomol¬ 
ogy group 

B®G ^ H), 

namely the coefficient complex is the cone (shifted by 1) of the abelian crossed 
square (BT 21 . 

Proof We will need to show how to extract an ordinary cocycle with value in the 
cone of (15.2.2b from the abstract cocycle of Thm. 15.5.91 

Let £/ = TORS(^, G) and AS = TORS(i?, H) with complexes 6: A ^ G and 
a: B ^ H and homomorphisms f: A ^ B and u: G ^ H arranged to make the 
square (EUl. The corresponding (sheaf of) crossed module(s) is: 


(f,u) 

A xG > B X H 


G 


t 


where in both cases the source and target maps s and t are as in the proof of 
Proposition l5.4.5[ page|^ Thus the additive functor X: is induced (after 

having taken the associate stack functor) by the pair (/, u). 

After having gone through these recollections, let us consider a 2-{£/,AS)- 
gerbe ©, and let us once again choose a cover ilx = {Ui —> X), and objects 
Xi E Ob ©t/i- By Theorem l5.5.9l we obtain a 1-cocycle with values in the 

complex (15.5.1b satisfying eqns. (15.4.6b and (15.5.3b . Our first task is to complement 
the proof of Proposition l5.4.5l and obtain a 1-cocycle with values in the complex 
A; £/ —> ^ itself. 

To this end, we will need to decompose the torsors (Aij as well as with re¬ 
spect to some choice of objects, and then apply the reasoning preceding eq. (15.1.1b . 
More precisely, consider objects and yCj, of ^ij and respectively, given 
(f7j“ —> Uij)a^Af.- (Similarly, we denote by an object of XXj over Uf^.) Then, 
since iXi is a ,^-torsor, the morphism ^ij in eq. (I5.5.3ab translates into 

(5.5.11) - yCj ■ hfj, 
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where /i^ is an object of SS over (Here we have used the notation (/j")* = 
Moreover, yi^j and yi ^are related by: 

(5-5.12) ~ • gg , 

with q^'^- an object of over It easily seen that these new objects satisfy the 
identity (up to isomorphism): 

(5-5-13) 

For the part of the cocycle involving the S’ij’s alone, subject to eqns. (I5.4.6L our 
choice of objects determines an object of s/ obtained from eqn. (I5.4.6ab in 
the standard way: 

A I_> f" O ~ O P 

Jij jjk Jij ^ Jjk — iJijk ^ hk ■ 


(Recall that the map gijk is just composition of 1-arrows of 6.) Moreover, still 
using the arguments in llBre94al . starting from eqn. (I5.4.6bb we arrive at the mor¬ 
phism in : 


(5.5.14a) 


apS'Y'rie . a/37 

''ijkl ■ Sijk 3ikl 


dSri arje 
yjkl ■ ^ijl ■ 


To translate eqn. (15. 5. .m compute the composition over 


iftj ° fjk)*iyk'^j) 

in the two possible ways. A standard calculation, where we use (15.5.11b and (15.5.12b . 
yields the sought-after arrow in 

(5.5.14b) ; h?, P h% ^ Mlk^) «“5 h], . 

This arrow in turn satisfies a cocycle condition, which is the translation of eqn. (15.5.4b . 
We arrive at it by considering the expression 

Pj ^ijk '^jk ^jkl '^kl 1 

which would correspond to ^ij o (1 A ^jk) o (1 A 1 A ^ki), and computing it in 
the two possible obvious ways using (15.5.14bb . the braiding of —and the help 

of 15.5.13b . The calculation itself proceeds according to the techniques expounded 
in IIBre94al . therefore we will not reproduce it here. The result is that the arrows 
satisfy the cocycle condition: 


(5.5.14c) 


, / a/3(57?7£N 

P^ijkl ) 


■ySe 

\kl 


o m 


af}^ 

ijk 


= m 


aT)€ 

ijl 


o m 


gSrj 
jkl ■ 
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Of course this identity holds modulo the obvious isomorphisms arising from the 
association and braiding functors in which we have silently ignored, as well as 
the pull-back functors between different fiber categories. 

The cocycle with values in the complex X: £/ v/e have obtained com¬ 

prises the quintuple: 

(5.5.15) 


subiect to eons. (15.5.141) olus the cocvcle condition on the terms .“S™' arising 
from the coherence condition on the maps (I5.4.6bk We refrain from displaying 
such condition here. 

Now let us use the fact that both the gr-stacks ^ and are strict and in fact 
associated to crossed modules. From the recollections at the beginning we have 
that in the above quintuple will be a section of the abelian group sheaf G, hfj 

and are both sections of H, whereas the arrows and will cor¬ 
respond to sections of B and A, respectively denoted and ^ satisfying 

the (strict) identities: 

(5.5.16a) ■ g* = g^S ' 9.7 , 

(5.5.16b) cr{l>ifg') ■ Kj ■ q“ft ■ (ift = ’‘(stft ) ■ ■ '■it ■ qlkj . 

(5.5.16c) . 6* ■ 6^ = 67 ■ b>>S . 


To these equations we have to add the condition satisfied by fhe as conse¬ 
quence of fhe idenfify safisfied by fhe arrows ■ 

If is jusf a maffer of using fhe definition of fhe mapping cone of a complex fo 
realize fhaf (15.5.16b express fhe condition for fhe quinfuple 


(5.5.17) 


{h: 


„«/3 ra/37 

’ ^ijk ’ ^ijk 


ol3^ 

9ijk 


al3S'irje\ 
^ijkl ) 


fo define a cocycle of degree 3 wifh values in fhe complex 


(5.5.18) 


A 


(f,s) 


BeG 


H, 


wifh A placed in degree 0. This finishes fhe proof. □ 

5.5.19 Remark. Ignoring fhe infimidafing upper indices relative fo fhe hypercover 
used in fhe proof allows fo sef = 1 so fhaf eqns. 15.5.16b . plus fhe cocycle 
identify on Oijki, will assume fhe sfandard form for a Cech cocycle of degree 3 
wifh values in (15.5.18b . 
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5.5.20 Remark. The proof of Theorem l5.5. lOl actuallv gives slightly more, in that 

it gives the 3-cocycle with values in the complex \ \ ^ SS corresponding to the 

torsor 1-cocycle with values in (I5.5.1I) . regardless of whether the involved (braided) 
gr-stacks are associated to crossed modules. 

5.5.21 Remark. The statement (but not the proof) of Theorem 15.5.101 subsumes 
those of Theorem 15 .4.1 1 and ProDosition l5.4..5l 

5.5.22 Remark. The cocycle identities (15.5.16b satisfied by the quintuple (15.5.17b 
are symmetric under the exchange 


, 0/37 


"ijk 


and the corresponding exchanges f 5 and a u. This symmetry rests upon 
that of the crossed square (l5T2t determined by the crossed module of strict gr- 
categories under consideration. Thus, calling T the crossed square (15.2.2b . a 2- 
gerbe © satisfying the hypotheses of Theorem l5 .5.1 Ol ou ght be more properly called 
a 2-T-gerbe. 

Let us also observe that the situation described by the hypotheses of Theo- 
rem l5.5.1^ has another interesting subcase. Namely, we can consider a complex of 
length 3 as it was done is sect. |3l and then define the notion of a 2-gerbe bound by 
this complex. This is clearly possible using Theorem 15 .5.1 01 bv setting G = 1 (or 
B = 1). Thus we can state the following definition, generalizing Definition l3.2. II 

5.5.23 Definition. Let A —^ B C be a complex of (sheaves of) abelian 
groups on C/X. A 2-{A, B, C')-gerbe is a 2-A-gerbe © equipped with a structure 
of .^)-gerbe where £/ = TORS(A) and = T0RS(i7, C). 


In the previous definition £/ is the gr-stack associated to the abelian group 
A viewed as a crossed module A —> 1. The additive functor A is thus deter¬ 
mined by the pair (5,1). Of course, up to a trivial isomorphism on the resulting 
cohomology group, we could have chosen the combination = TORS{A, B), 
SS = T0RS(1, C) due to the symmetry of the two resulting crossed squares. 

In the end, one outcome of the material expounded in this section is that the the¬ 
ory of 2-{s/, .^)-gerbes can account for 2-gerbes bound by complexes of abelian 
groups which are in fact of length 3. It is particularly relevant, as we will see in 
the applications to Hermitian Deligne cohomology further below, that hypercoho¬ 
mology groups with values in the cone of a square can naturally be obtained in this 
framework. 

Two issues however suggest to push this circle of ideas a little further. On 
one hand, it is natural to ask whether Definition 15.5.231 admits a “naive” general¬ 
ization by simply replacing groups with gr-stacks. On the other hand, capturing 
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the geometric meaning of the hypercohomology groups with values in the com¬ 
plex (ll.2.12t requires that we have a theory of 2-gerbes bound by complexes of the 
appropriate length, which cannot be obtained from what we have right now. 

We will address the issue in section 

5.6 Examples 

We review here a few fairly standard examples to illustrate the foregoing theory. In 
fact, the following examples are the 2-gerbe counterpart of the examples presented 
in sect. 12.21 and 12.31 The analysis of more interesting examples will be deferred 
until the last section dedicated to the interpretation of certain Deligne cohomology 
groups. 

X is an algebraic manifold, and we work with the standard site determined by 
(see above). 

5.6.1 Connective structures (or “concept of connectivity”). 

This is the classical example due to Brylinski and McLaughlin (see IBM94IIBM96I 
and |Bry99| |). 

Let 0 be a 2-gerbe over X. As expected, a connective structure (or “concept 
of connectivity” as it was originally called) on 0 is a structure of 2-gerbe bound 
by the complex 

in the sense of Definition 15. 3. H and Lemma l5.3.2l Thus we retrieve Brylinski and 
McLaughlin’s original definition, wherein the connective structure is seen as a 2- 
functor assigning to each local object of 0 over (7 a corresponding D^-gerbe. In 
light of Proposition 15.4.51 and Theorem l5.4.7l 0 can just as well be considered as a 
2 -gerbe bound by the gr-stack of , D^)-torsors. 

From the classification results (see loc. cit. for the original arguments) we have 
that 2-gerbes with this connective structure are classified by the hypercohomology 
group: 

h3(X, ^ D3,) c. H|,(X, Z(2)). 

5.6.2 Hermitian structures. 

This version of the idea of hermitian structure was introduced in lAldOSal by 
analogy with the notion of connective structure in the above mentioned works by 
Brylinski and McLaughlin. Thus, a 2-^^-gerbe 0 over X with hermitian structure 
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is a 2-gerbe bound by the complex: 


or, alternatively, by the gr-stack of K , ^^)-torsors. Equivalence classes of such 
2-gerbes are classified by the Hermitian Deligne cohomology group of weight 1: 

where we use the same quasi-isomorphism as in sect. 12.3.11 

It is easy to continue the list of examples by promoting those of sect. 12.31 to 
the realm of 2-gerbes. We will not do so here, and leave this task to the interested 
reader. We will examine finer examples of geometric structures on 2-gerbes in 
sect. 0 

6 2-Gerbes bound by complexes of higher degree 

So far, we have outlined a theory of 2-gerbes bound (in the appropriate sense) by 
a two-step complex of braided gr-stacks. We have found that this theory is pow¬ 
erful enough to provide an interpretation in geometric terms of the elements of 
degree three hypercohomology groups with values in (cones of) crossed squares of 
abelian groups. However, as pointed out above, we need to address the case where 
the coefficient complexes have degree higher than 3, where the degree loosely cor¬ 
responds to the length. We set out to accomplish this goal by generalizing the 
concept of (A, B, C')-gerbe, introduced in sect. 13.21 to the case of 2-gerbes by 
promoting the coefficient groups to be gr-stacks instead. We will ultimately be 
interested in the case of gr-stacks associated to abelian crossed modules, therefore 
the general style for this section will be slightly more descriptive—and perhaps 
informal—compared to the preceding ones. 

6.1 ‘^)-torsors 

Consider a complex (i.e. a morphism) of two (braided, as usual) gr-stacks ^: AS —* 
^ on djX. By analogy with sect. 13.11 define a ^)-torsor to be a pair a), 
where is a ,^-torsor, and a is an equivalence: 

a: 

where on the right-hand side 'S' is considered as a trivial torsor. Equivalently, we 
require that there be a morphism: 

a: ^ — y'S , 
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namely a global object (over C/X) of the fibered category Yet 

another equivalent point of view is to regard ct as a global object of the torsor 
^ A'* The latter point of view is useful to arrive at a description in terms of 
cocycles. Suppose indeed that ^3^ is decomposed as in sect. 15.1.31 with associated 
1-cocycle {hij,l5ijk) with values in satisfying (I5.1.U . By the stack condition, an 
object of is equivalent to a collection of pairs 

satisfying the descent condition on objects. Using the description of contracted 
product found in IBreQOl §6.7], we find that the objects Cj G Ob^|t/i satisfy the 
condition 

(6.1.1a) pij : Cj ■ Ci 

(where b* is a quasi-inverse of h). This essentially follows from the fact that a 
morphism {xj, Cj)\u^. —> {xi, Ci)\u^. in A^"^ corresponds to the triple 

^ ’ ^3 ^ * u) 

modulo an equivalence explained in loc. cit. The pij are morphisms in which 
then satisfy the coherence condition: 

(6.1.1b) p-iPijk) o Pij o Pjk = Pik ■ 

This and (15.1.1b ensure, via the above mentioned equivalence relation, that bhi and 
bkj ■ bji correspond the same morphism, thereby ensuring that the cocycle condition 
in the descent condition is indeed satisfied. 

6.1.2 Definition. The friple {bij,(5ijk, Pij) satisfying equations (16.1.1b . plus (15.1.1b 
and fhe coherence condifion on fhe f5ijk is a 1-cocycle with values in the complex 

p: 

Given fhe square of gr-sfacks 


m —-— 


Ip 





we obfain a morphism 

(6.1.3) (V',vr)*: TORS(,^,‘^) —>TORS(,^',^0 
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by sending a ,^-torsor 3^ io and the morphism ct to vr o fj. 

A morphism from a (=^, ^)-torsor (^, o') to a (=^', '^')-torsor ex') con¬ 
sists of a square 


(6.1.4) 



In particular, for 3S' = it reduces to a triangle 


(6.1.5) 



Actually, any morphism (16.1.4b can be factored as the canonical morphism (16.1.3b 
followed by a morphism of ^')-torsors. A morphism will be called an equiv¬ 
alence if so is the underlying functor 

In summary, a ^)-torsor determines (and it is determined by, up to 
equivalence) an equivalence class of 1-cocycles as in the definition. The equiva¬ 
lence relation being the obvious one, we obtain the following 

6.1.6 Proposition. 

1. Equivalence classes of ^)-torsors are classified by the cohomology set: 

2. Moreover, if SS comes from the crossed square of abelian groups: 

q 

B—^C 

<J T 

H^K 

then the above cohomology set can be identified with the hypercohomology 
group 

U^{X,B ^ K). 
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Proof. Repeats previous arguments, hence omitted. 


□ 


6.1.7 Remark. We can use the statement in the above proposition to obtain another 
characterization of gerbes bound by length 3-complex, specifically, the cone of the 
above crossed square. This gives an alternative point of view for the discussion in 
sect. 13.21 

Since by definition '^)-torsors are ,^^-torsors which become trivial as 
torsors, the following alternative characterization of '^)-torsors coming from 
a crossed square as in Proposition 16. l.hf l^is an immediate consequence of Theo¬ 
rem 

6.1.8 Proposition. Let ii\ SS ^ arise from a crossed square as in Proposi¬ 
tion Ezna The 2-functor F of Theorem \5.4.3\ induces an equivalence 

T0RS(.^,^) ^ GERBES(5,if)(T0Rs(C),r*) 
where the right hand side denotes the “fiber” of the canonical morphism 


{g,v):,: Gerbes{B, H) ^ Gerbes{C,K) 
over the neutral {C, K)-gerbe, that is r* : TORS(C) ^ TORS(/f). 

Proof. If is a ^)-torsor, by definition there is a morphism a\ , and 

the diagram 


T0RS(.^) —GERBES(i?, H) 



{gw) 


Tors(‘^) —--^ Gerbes(C, K) 


from remark Is. 4. 41 gives 


I-TORS(i?) 

7 g*.f\u 

I-^ Tors(C) 


and the lower right comer gives the neutral (C, iT)-gerbe. 


□ 
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6.2 Complexes of braided ^r-stacks 

Let and ^ be braided gr-stacks over C./X, and let A: j 2 / —> ^ and /x: ^ ^ 

be additive functors. We define the composition 

( 6 . 2 . 1 ) 

a complex of gr-stacks if /x o A is isomorphic to the “null” functor £/ —> 1, to the 
punctual category determined by the unit object o^ of 

As before, a situation of particular interest for us will be when everything in 
sight is strict, and all the gr-stacks above are in fact associated to abelian crossed 
modules. Building on what we have already seen in sect. assume that the 
morphisms A and p, are associated to the squares 




respectively, which we splice together to obtain the map of complexes: 


/ 9 

( 6 . 2 . 2 ) g (7 7 


In all the above we have of course assumed ^ to be associated to the complex 
T: C —> itT, the rest of the notations being as in sect. EH 


6.3 '^)-gerbes 

The main idea is to define 2-gerbes bound by the complex (EHJ of braided gr- 
stacks by analogy with what was done for gerbes in sect. 13.21 

6.3.1 Definition. Let © be a 2-gerbe over C/X. We say that 6 is bound by the 
complex (16.2.11) . or that is is a , 3^, ^)-gerbe, for short, if there is a 2-functor 

J: 6 — >TORS{3g,‘^) 

such that 0 is a ,^^)-gerbe for the A-morphism defined by the composition 

of J with the obvious morphism TORS(,^^,^) —> TORS(,^^). 


53 





















Next, we can consider the diagram of gr-stacks: 



where the top and bottom rows are complexes in the sense specified above in 
sect. 16.21 Still by analogy with sect. 13.21 where the corresponding concept for 
gerbes was introduced, we define a morphism of a 2 -(j 2 /, ^)-gerbe 0 fo a 2- 
(.{/', ^')-gerbe & fo be a carfesian 2-funcfor 

F: 0 —^ 0' 

which is a (^-morphism, supplemenfed by a 2-nafural fransformafion 

a : {ip, vr)* o J j' o F: 0 —> TORS(,^, '^). 

We require fhaf composing (pasfing) fhis wifh fhe obvious morphism TORS(.^, - 
Tors(,^) gives (up fo a modification) fhe nafural morphism associafed fo fhe un¬ 
derlying {(^, ■(/))-morphism. 

6.4 Classification III 

Given fhe complex (16.2. II) . we obfain a corresponding “complex” of frivial 2- 
gerbes: 

(6.4.1) TORS(i2/) ^ T0RS(,^) TORS(^) 

where /r* o A* ~ (/r o A)* ~ 1. 

6.4.2 Lemma-Definition. Given a cover iix = {Ui —>■ X)i^j, a 1-cocycle wifh 
values in (16.4.1b is given by the same data as those for a 1-cocycle with values 
in (BTTTi stated in Lemma-Definition 15.5.21 supplemented by the requirement that 
there exist morphisms 

(6.4.3) (Ti: 

such that given the morphism ^ij in 16..6.3ab there is a morphism of{lM, ‘ifi)-torsors 


(6.4.4) 


{"^j 1 '^j)\Uij ^ {’^ij 
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satisfying a triangle analogous to dB, namely: 



Proof. We need only observe that a morphism 


\Mj) ^ 

can equivalently be seen as a morphism of ^-torsors: 


But we have 

{K{Sij) A^^lf/,, ~ A^ ^ 

since /x* o A* ~ (/U o A)* ~ 1. □ 

The argument of the proof also implies that two 1-cocycles {S‘ij,J^i,ai) and 
a[) with values in (I6.4.1I) ought to be considered equivalent if the same 
conditions of Definition l5.5.7l are satisfied, with the additional requirement that the 
morphism (I5.5.8bt induces a morphism of ^)-torsors 

We leave to the reader the task of spelling out the rest of the details. 

The next results combines the generalizations of Theorems|^^3and|^^^to 
the present case. Large parts of the proof can be simply carried over, therefore we 
will be sketchy. 

6.4.5 Theorem. 

1. Equivalence classes of 2-{s^, PS,‘^)-gerbes are classified by the (pointed) 
set 

H^(X,T0RSK) ^ T0RS(,!^) ^ TORS(^)) 

of equivalence classes of 1-cocycles with values in the complex (16.4. It . ac¬ 
cording to the Lemma-Deftnition \6.4.2\ 
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2. If the braided gr-stacks are all strict and associated to abelian cross modules 
as in sect. 16.21 then the above pointed set of equivalence classes is actually 
in 1-1 correspondence with the hypercohomology group 

A^B®G^C®H^K) 

where we recognize the cone (shifted by 1) of the morphism (l6T2t . 

Proof Let (©, J) be a 2-gerbe over C/X bound by the complex (I6.2.U . Let us 
make the usual choice of a cover ilx, to be enhanced to a hypercover below. The 
proof of Part ^ rests upon the choice of a decomposition of 0 with respect to 
a collection of objects Xi G Ob©;/;. By applying J we obtain “^j-torsors 
J(xi) = and morphisms 

S’ij —> Jifom I Uij, I Vij ) ■ 

Forgetting the morphisms into ^ gives the underlying functor in TORS(.^), there¬ 
fore Part^follows from Thm. l5.5.'^ (or rather, its proof) and the argument made in 
the proof of l6.4.2l to handle the extra morphisms into 

The proof of Part|2lis more laborious, but only computationally so. Fortunately 
everything that was done in the proof of Thm. l5.5.10l can be transported verbatim 
here, so that we only have to deal with the extra data ensuing from the (M., ^)- 
torsor. 

Our first task is to rewrite the classifying 1-cocycle with values in (16.4.1b from 
Part n in terms of a cocycle with values in the complex of gr-stacks TTTi . As 
before, this is accomplished by decomposing the cocycle (S’ij,l^i,ai) with re¬ 
spect to a choice of objects subordinated to a given hypercover. As in the proof of 
Thm. 15.5.101 we rehne iix by [U^ —> Uij)aeAf.- We also keep all the choices and 
notations made there. 

Recall that we had obtained the quintuple (15.5.15b which we rewrite here for 
convenience: 

(ua a/3 _a/37 a/37 ,a/3(57r/£\ 

I'hj ! Hijk ) "\jk ’ Uijk > '^ijkl ) 

where hf -, are objects of are morphisms of and and 

are objects and morphisms of .s/, respectively. They satisfy the cocycle conditions 

given by the equations (15.5.14b and (I5.4.6bb . 

Since the morphism cr/: ^ '^\Ui are global over Ui, the arguments in 

sect. Ih.ll imolv that there are objects zf^j G Oh'^\uf. and morphisms tf- and 
in and such that: 

(6.4.6a) t"-: ^ p{hfj) ■ zf'j 
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and 


(6-4.6b) : Zi^j n{qjff^) ■ Zi^k ■ 

Both equations (I6.4.6t are obtained by applying the morphisms ai, aj, etc., namely 
the triangle right after to eqns. fl5-'5.in and (I5.5.12I) . respectively. We have 

used the relation ~ (o'f”)*, easily derived from (15.5.12t . where (•)* denotes 
the quasi-inverse. The final piece of the cocycle condition is a relation for the 
morphisms tfj and which is computed by passing from Zk'^i to Zi'^j in two 
different ways. Either as: 

(6.4.7) o : zk'^i n{hl;) ■ • Zi'^j , 


or as: 


(6.4.8) o o o : Zk'^i p{qjl^.) ■ ^(/if^.) • ^(qg) • p{h%) ■ Zi^j , 

where, as before, we are ignoring the various associator isomorphisms and natural 
transformations associated with p. 

If we replace the three middle terms in the right hand side of (16.4.8b using 
(15.5.14bb and the relations p o X{gk^^) ^ and q]^. ■ qg ~ cxg, where is the 
unit element of we find 


° Ci o P^k ° ° P% ■ ^ PiKi) ■ Pi<lkfj) ■ ■ 

Comparing wifh (16.4.7b . we obfain fhe desired relation: 



Thus, sfarfing from fhe cocycle ai) wifh values in (16.4.1b . fhe correspond¬ 

ing cocycle wifh values in fhe complex (16.2.1b is fhe 8-luple 


(6.4.10) 


(Z‘^ ■ f' 




’ Pkij 




a/3 


m 


a/37 

ijk 


a3'y 

9ijk 


aPS'yr]e\ 
'^ijkl ) 


satisfying fhe condifions (15.5.14b . (I5.4.6bb . (16.4.6b . and (16.4.9b . 

The proof will be complefe when we specialize (16.4.10b and fhe relafions if 
satisfies fo fhe case where all fhe involved gr-sfacks are Picard and associafed 
fo fhe abelian crossed modules infroduced in seel. 16.21 This means fhaf ^ = 
Tors(C', 76), where fhe underlying groupoid C x 76 A 76 has source and far- 
gef maps given by (c, z) ^ z and (c, z) t{c)z, respectively, and similarly for 
£/ and ^ wifh fhe appropriafe nofafions and relafions, which we can liff direcfly 
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from the proof of Thm. 15.5.101 eqns. 15.5.16t . Thus, the objects 2 ^“^ will be iden¬ 
tified with sections of the group K\ua, and we also need to introduce sections cfj 

of C'Ic/p. and of C\jja/3 to account for the morphisms tf^ and respectively. 
With these provisions, the 8-tuple (16.4.101) becomes 


(6.4.11) 



j ’ 


a ;a/3 
’ ''kij 


' 1 


0/3 ,0/37 „“/l7 
^ijk ’ ^ijk ’ ^ijk 


al35'yr]e\ 
'^ijkl ) ’ 


and equations (16.4.61) and (16.4.9b become 


(6.4.12a) r(c“) • ^/. = n(/i“.) • 

(6.4.12b) r((g) • Zi^j = n(g“^) • 

(6.4.12e) = 

The full cocycle condition for the 8-tuple (16.4.11b is then given by eqns. (16.4.12b 
plus eqns. 15.5.16b . which we rewrite here: 

cf afiS-ytje-. a/S'y -y&e _ B 5 r] arje 
^y^ijkl ) ' Uijk ' Uikl ~ ^jkl ' Uijl ’ 

^(bifk) ■ Kj ■ Qtfk ■ h% = u{gl^^) • q^l • , 

/,7<5e iptM _ /,«»)£ 

J y^ijkl ! ■ ^ikl ■ "ijfc ~ ■ ^jkl ■ 

Finally we need also to add the cocycle condition on the elements 

The amount of typographical decoration provided by the upper indices related 
to the hypercover can be quite daunting. Ignoring these indices (that is, reducing 
everything to the Cech case), although potentially less precise from the cohomo- 
logical point of view (cf. the discussion in IBre94ai l does shed some light on how 
the various parts are organized. Without upper indices we need to set = 1 and 

^?fk = 1 iri the above formulas. Thus, the 8-tuple (16.4.11b becomes a sextuple 


(■ 2-3 5 Cij , hij , biji^ , ffijk 5 CLijkl^ 


satisfying the cocycle condition: 


r(cjj) • Zj = v{hij) ■ Zi 
9{bkji) ■ Cij ■ Cjj^ Cj/j, 

^iP'ijkl) ■ 9ijk ■ 9ikl 9jkl ' 9ijl i 
c^{bijk) ■ b^ij ■ hji^ 3/((7jjfc) • hik 
ficLijj^i^ ■ bij^i • bijj^ biji ■ bjj^i. 
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Now write the cone of the the morphism of complexes (I6.2.2I) in the form: 


A 


(D 


BSG 


1 


ceff 


K 


It can now be seen in a direct way that the 8-tuple (16.4.11b (or its simplified Cech 
version) indeed defines a 3-cocycle wifh values in fhe cone of (16.2.2b . This is 
slraighlforward and lefl fo fhe reader. We will also omif fhe verificalion fhaf passing 
fo an equivalenf forsor 1-cocycle (<5^^, cr') represenfing (6, J), we obfain an 
equivalenf 3-cocycle. □ 

An even more special case of Theorem I6.4.5T |2l is when fhe diagram (16.2.2b 
reduces fo fhe complex A B C. Lef (0, J) be a 2-gerbe over C/X bound 
by Tors (A) ^ TORS(i?) —> Tors(C'). By comparing fhe classifying cocycles 
we immediately obfain fhe following 

6.4.13 Corollary. (0, J) is equivalent to a 2-(A, B, C)-gerbe in the sense of Def¬ 
inition I.S..S.2.fl 


7 Applications 

In fhis section we will address a few questions abouf fhe correspondence befween 
certain Hermifian Deligne Cohomology groups and equivalence classes of 2-gerbes 
equipped wifh various geomefric sfrucfures of fhe fype described in fhe previous 
sections. 

For consisfency wifh fhe resulfs of lAldOSal and previous work in Deligne 
cohomology we will be placing 'L{p)x in degree zero, Iherefore all cohomology 
degrees will be shifted up in comparison wifh fhose appearing in fhe previous sec¬ 
tions. 


7.1 Truncated hermitian Deligne complexes 

Beside fhe Hermifian Deligne complexes recalled in seel. 11.21 we need fwo more 
complexes we infroduced fhe in lAldOSal . namely 


/ Z(2) 


r(2)* = Cone 




\ J’O(I)—^4(1)/ 


[- 1 ], 
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plus the truncation 


f(2)- 


/ Z(2) 


Cone 


■> Gx -^ '' 



[- 1 ], 

/ 


where the maps are the same as in the corresponding places in the diagram defining 
(If is convenient to pass, from now on, to an additive notation.) Note 
that r(2)* is an obvious truncation of the Hermitian Deligne complex T)h.h.{‘^)x’ 
while f (2)* is in turn a truncation of r(2)*. These two complexes were introduced 
as part of the effort to analyze the interplay and compatibility of different types of 
differential geometric structures on 2-gerbes. Indeed, it can be shown that r(2)* 
arises from the diagram of complexes: 

Z(2)V ^ C'(2)’ ^ 27rx/^® 

in the sense of IIBei86l . namely as the cone of the difference of the two maps. Here 
(7(2)* is the complex 

Z(2)x ^ ^4(1)- 

Similarly, f (2)* arises in the same way from the diagram: 

Z(2)i)^x ^ Z(l)^ x ^ 2 tt ^/—1 (8) T)/(X.(l)x ; 


where the two maps are just the forgetful maps. We have repeatedly seen how 
the complexes Z(2)^ ^ (resp. T>h.hX^)*x) intervene in the definition of connective 
(resp. hermitian) structures. Note, however, that the above complexes and their 
geometric role was introduced rather informally in the context of lAldOSal . The 
results of sect. l7.2l Drovide a more rigorous footing. 

We quote from lAldOSal the following exact sequences. From the definitions 
we immediately have: 

0 —> 4(l)[-3] —^ r( 2 )* —> f( 2 )* —> 0 


and 

0^4(l)n.<’^[-4] ^2);,.;,.(2 )x ^r(2)* ^0. 

Furthermore, using the standard arguments, as well as the softness of 4(1)’ 4(1)’ 
and we obtain: 

-. H3(A,r(2)*) ^ H3(A,f(2)’) ^ 0 

-^h4x, 2) ^H"(x,r(2)*) ^0 
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and the isomorphism 


r(2)*) ~ f(2)*), k>A. 


7.2 Geometric interpretation of some cohomology groups 

Observe that using ^x/Z(2)x — complex r(2)* can be identified (mod¬ 

ulo the index shift) with the cone of the square 


^x/Z(2)x- > 9 }^ 

(7.2.1) 

^O(l)-^4(1) 


and similarly for F(2)* by replacing <^^(1) with 0: 

^x/Z(2)x - 




(7.2.2) 




->0 


Both cases correspond to the diagram (15.2.2b . 

To make contact with the contents of sect. |5l let us set 

.(2/ = TORS(^x/Z(2)x,4(1)) , = T0RS(F!3„4(1)) 

so that we have the equivalences 

TORS(i/) ^ Gerbes(^x/Z(2)x,(Cx(1)) 


and 


TORS(^) ^ GERBES(0^,(fx(l)) . 

Using Theorem 15 .4.3 1 and Proposition 16.1.81 we find fhe following alfemafive char- 
acferizafion of -gerbes wifh compafible hermitian and connecfive sfrucfure: 

7.2.3 Corollary. The group H^(X, r(2)*) classifies equivalence classes of 

/Z(2)x, h^ffnitian gerbes in the sense omm which 

become neutral as {^l\r^S^{l))-gerbes. 
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Of course, the other possible but entirely equivalent statement would have been 
that the cohomology group under scrutiny classifies (TORS((^x/Z(2)x, 
TORS(0^, (f^(l)))-torsors. We leave to the reader the task of formulating a simi¬ 
lar statement for the complex f (2)*. 

7.2.4 Remark. A short remark is in order about other possible ways of interpreting 
the same cohomology group. As noted, we can take advantage of the symmetry 
of the square (EIB in the sense explained in Remark l5.5.22l and modify things 
accordingly. This preserves the cone, namely r(2)*, and does not alter the classi¬ 
fying group. It does change the gr-stacks and but ultimately not the fact that 
we are dealing with -gerbes. 

7.2.5 Remark. The above characterization (and the general theory it descends from) 

provides a finer description of the geometric objects corresponding whose equiva¬ 
lence classes correspond to the group elements when the coefficient complex come 
from a cone. Had we just used the complex r(2)* as it stands, we would have been 
in the rather awkward position of calling something with values in a 

“connective structure,” a fact that does not seem to sit well with the degrees. 

The corresponding result for 2-gerbes provides a similar interpretation for the 
group of equivalence classes of 2-^1 -gerbes with compatible hermitian and con¬ 
nective structure defined in lAldOSal . It is an immediate consequence of Theo- 
rem l5.5.I0l as follows: 

7.2.6 Corollary. Elements of the hypercohomology group H^(A, r(2)*) are in 1- 
1 correspondence with equivalence classes of 2-gerbes on X bound by the square 
dUB {in the sense of remark 15. 5. 221 1. A similar conclusion holds by replacing 
r(2)* with f(2)*. 

Note that a remark concerning the square similar to the one just made for gerbes 
holds in this case as well. 

In a similar vein to what was just done for the complex r(2)*, we can identify 
{‘2)x defined in eq. (11.2.12b with the cone of 

'^x/Z(2)x-0 

(7.2.7) 

A’O ( 1 )-^ 4(1)-^ 4(1) n .4’^ 

which will correspond to the diagram (16.2.2b . We have explicitly written the last 
column as 0 —> 4(^) ^ ^ order to emphasize the correspondence. To take 

the point of view of sect. let us introduce the discrete gr-stack 

^ = tors( 0, 4(1) n ^ 4(1) n , 
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namely the only morphisms are the identity maps. Note since is discrete, then 
the corresponding 2-gerbe is discrete as well, that is we have: 

tors(‘^) ~ ToRs((f^(i) n . 

In other words, it has only identity 2-arrows, and it corresponds to the neutral gerbe 
of torsors. 

Now, as a consequence of Theorem l6.4.5l we obtain the following general geo¬ 
metric interpretation for the hermitian Deligne cohomology group: 

7.2.8 Corollary. Elements of the hermitian Deligne cohomology group H^(X, 2) 
are in 1-1 correspondence with equivalence classes of 2-gerbes on X bound by 
the diagram M.l.ll . that is, by the complex (EHJ of gr-stacks associated to the 
columns of dTTTl . 

7.3 Geometric construction of some cup products 

7.3.1 

If {Jf, p) and a) are two metrized line bundles (invertible sheaves) over X, 
their isomorphism classes determine elements of 1) ~ PicX. According 

to the last paragraph of sect. 11.21 the cup product [jSf, p] U , cr] in hermitian 
Deligne cohomology will land in H^(A, 2). 

It is known from the works of Brylinski and McLaughlin ( IBM941IBM961 
|Bry99| ) that the corresponding problem in standard Deligne cohomology has a 
geometric interpretation: there is a 2-gerbe (.if,./#] bound by 2(2)^-^ whose 
class is the cup product [.if] U [./#] G H^(X, Z(2)) of the elements in PicX 
determined by JZ’ and ./#. Similarly, in IIAld05al we constructed a modified cup 
product 

PicX (8) PicX —> H|,(A, 1) 

and a corresponding “tame symbol,” namely a 2-gerbe (.if, ./#] ^ ^ bound by 
(l)x- It turns out that both symbols have the “same” (in the sense of equiva¬ 
lent) underlying 2-gerbe, obtained by applying a suitable forgetful functor to both 
sides. In other words we have a lift 

PicX(8)PicX —> H'^(X,f(2)*) 

and it follows from the material recalled in sect. IV.ll that at the level of cohomology 
the latter lift can be arranged to take values in H^(A, r(2)*). Thus, from a pair 
of invertible sheaves jSf and ./# we obtain (canonically) a 2-gerbe bound by the 
square (I 7 T 2 I . and (non canonically) by way of softness of one of the sheaves 
involved, a 2-gerbe bound by the square (17.2.1b . 
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The cohomology exact sequences recalled in sect. 17.11 and the fact that trunca¬ 
tion will map the diagram M .2.11 to the square (17.2.11) . and then to the square (17.2.21) . 
show that the 2-gerbe bound by (17.2.7b corresponding to the cup product [.if, p] U 
[./#, a] will provide the required lift. 

7.3.2 

We will denote by (.if, ./#] ^ ^ the 2-gerbe bound by (17.2.7b corresponding to the 
cup product of the two metrized line bundle. Let us sketch the geometric construc¬ 
tion of such 2-gerbe borrowing on the corresponding constructions of iBM96l and 
IAld0.5al . 

If we work locally with respect to some cover U ^ X oi X, any -gerbe 
© will be a 2-gerbe of torsors, namely there is an equivalence: 

<5u -> TORS(j/|t/) -> GERBES(^x/Z(2)x|t/, (^x{^)\u) ■, 

where the latter equivalence follows from Theorem l5.4.3l Thus if © is bound by 
the complex of gr-stacks determined by the diagram (17.2.7b . with s/, and ^ as 
in sect. 17.21 then locally it has the form 

TORS(j2/|;7) -> T0RS(.^|(7,‘^|(7) . 

Note that, thanks to 16.1 .6ll^ Proposition 16.1.81 and to the fact that in the relevant 
diagram one of the group is zero, we have an equivalence: 

T0RS(.^|{/,^|{/) ^ GERBES(f2^|t/,f4(l)|t/,(f|(l) • 

Let (.if,..#] denote the underlying 2-gerbe of both (.if,.#] and (#’,#]^^. 
The local objects of (#',#] over U are in 1-1 correspondence with the non¬ 
vanishing sections of We may denote such a section s, which thought of as 
an object, by (s, #]. 

The choice of s will determine an #|{/-torsor as follows. Given any other 
non-vanishing section s', write s = s' ■ g where g G i^x/Z(2). The #|f/-torsor 
#bm(s, s') can be identified with the (^x/Z(2)x|[/, <^^(l)|[/)-gerbe (p, #] ^ ^ 
by the above equivalence. Let us denote by (g, #] the underlying ^x/Z(2)x- 
gerbe. Recall from IBM96llAld05al that its objects over U are in 1-1 correspon¬ 
dence with the non-vanishing sections t of #|( 7 , denoted (p, t] , and that an arrow 
ip: {g,t\ — > {g,t'~\ is identified wifh a secfion of Deligne’s forsor [g,g'], where 
t = t' ■ g', for g' a secfion of over U, see llDel91l . We reserve fhe 

nofafion {g,g'] for fhe same forsor equipped wifh fhe connection defined in loc. 
cif., whereas fhe nofafion [g,g']f^ ^ denofes fhe same underlying forsor equipped 
wifh fhe hermifian strucfure defined in llAld05al . 
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To summarize, to define (j^, 'we have to define a 2-functor Ju from 

0[/ to the fibered 2-category of gerbes bound by 

^x\u ^ 4(i)lf/ ^ 4(1) n ^4’'. 

To begin with, let us define a 2-functor Ju to Gerbes (n^|( 7 ,4(1) If/) follows. 
To an object assign the trivial ,^|[/-torsor T{JS\u) — TORS(n^, 4(1))- 

To a 1-arrow 

{g,t\ : [s,^] —> {s\j^] 

the functor (^g, t] : T{^^\u) — > T{J§\u) defined as follows: an object of T{J§\u) 
is identified with an object (C, of TORS(n^, 4(1))’ where C is a fffj-torsor 
which becomes trivial as a S^-tovsox by way of which in turn can be identified 
with a section of 4- Then we define (^g,t\^ by 

(V.3.1) 44: (C,0^(^l,e + 6), 

where the underlying map on TORS(t2^) is the identity, and is the imaginary 
1-form: 

(7.3.2) = -^loglpl • d''logcr(t) -h ^d'^logl^l • logcr(t). 

Here we have used the notation a{t) = |t|^. It is straightforward to verify that this 
is compatible with morphisms in T{^\u) and with the action of iE\u'- if {D, g) is 
an object of TORS(n^, 4(1))’ 

{c, i) ■ {D, g) = {C ^ D,^ + g), 

and obviously this commutes with 03’ making it a morphism of torsors. 

Now, if yp is a section of {g,g'], the corresponding object of (<7,54^ is 
(yp, 411) where H-H is the hermitian structure given in lAldOSai . To it we assign 
the natural transformation given by the morphism in T{^\u). 

(V.3.3) 411)* :{C,^ + 6) ^ (C, ^ + 60 , 


which is defined by the underlying map 


(7.3.4) 


ip: C 

c I 


C 

c -|- p~^Vp 


where V is the connection on (^g, 17 ']. From IDel91l we have that locally it has the 
form — logs' dlogs'. Therefore the section .^-1-6 will map to C -|-6 + //i(¥^~^Vv^) 
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and notice that this differs from ^t' by dlog||(/?||, using the fact that locally 

II'll is given by 7ri(log5') loglsf'l- Note that the addition of dlog||</?|| is just the 
action of 21 :^—\ dlog||(/j||) as an object of 3S\jj. 

Finally, in order to get the functor Jjj, we need one more prescription. Namely 
we define it by assigning to the (=^|^, ^|f/)-torsor defined as follows. It is 

the trivial ,^^|f/-torsor defined as above equipped with the morphism 

TORS(n^, (ojj(l)) -> 

defined by the assignment 

(7.3.5) (C, 0 '—> 7r(d0 - ^ log p{s) dd'^log a{t) 

for every object (C,of TORS(n^, Observe that dd'^logcr(f) = ci{^), 

hence there is no dependence on t. Now, a calculation shows that 

7r(d6) = -^loglfi'l dd''log(T(f) 

so that it is immediately verified that the assignment dUB commutes with the 
morphism (17.3.1b . 

With these provisions we have: 

7.3.6 Theorem. The class of the 2-gerbe (.if, ^ ^ in the cohomology group 

H^(X, 2) is the cup product [.if, p] U ^ cr] in hermitian Deligne cohomology. 

Proof. It follows immediately from Theorem 16.4.51 the form of the maps in dia¬ 
grams (11.2.12b and (ItTtI . and the cup product map 

® '^h.h.i^Yx -^ 2)/i./i.(2)x 

given in llAld05bl . where the explicit cup-product in Cech cohomology is com¬ 
puted. □ 


Conclusions 

We have generalized the concept of “abelian gerbe bound by a complex” to the 
case of longer coefficient complexes, and to 2-gerbes, where we have used com¬ 
plexes of gr-stacks of length 3. We have verified fhat these 2-gerbes are classified 
by cohomology sets of degree 1 with values in the associated complexes of torsors 
over these gr-stacks. We have also obtained, by choosing appropriate decomposi¬ 
tions and hypercovers, that in the strictly abelian situation the general classification 
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reduces to degree 3 cohomology groups with values in cones of crossed squares, 
and other similar diagrams. In all cases we have obtained explicit cocycles, where 
we have given their expression in terms of hypercover, rather than simply in terms 
of Cech cocycles. 

As an application, we have dealt with differential geometric structures on gerbes 
and 2-gerbes and questions of geometric constructions of certain cup-products in 
hermitian Deligne cohomology. In particular, we have put certain by now standard 
constructions of the concept of connection and curvature in the general context 
of gerbe (or 2-gerbe) bound by a complex. We have further clarified the reason 
why there seem to exist different possibilities in defining whaf a “hermifian gerbe” 
should be (cf. remark l2.3. lb . Finally, in fhe lasf section we have geomefrically 
consfrucfed a 2-gerbe bound by fhe hermitian Deligne complex Tih.h.{‘^)*x corre¬ 
sponding fo fhe cup producf of fwo mefrized line bundles in hermifian Deligne 
cohomology. 

There are several possible exfensions and generalizafions of fhe work carried 
ouf in fhis paper. In fhe case of gerbes, if would be inferesfing fo remove fhe 
abeliannes assumpfion and work in fhe same framework as IDeh77l fo sfudy ex- 
fended sfrucfures as coefficienfs, beyond crossed modules: crossed squares, 2- 
crossed complexes, efc. come fo mind. In particular, if would be inferesfing fo 
see whefher fhe idea of phrasing fhe notion of connection and curvafure in ferms of 
gerbes bound by complexes exfends fo fhe non-abelian case, and how if compares 
wifh ofher exisfing approaches (see, e.g. IBMi i. In IIDeh77l a compelling mofiva- 
fion was fo obfain a fheory of non-abelian which behaved better fhan Giraud’s 
wifh respecf fo group exacf sequences. Pursuing some fhese ideas in fhe case of 
2-gerbes would also be quife inferesfing. We hope fo refurn fo some of fhese issues 
in fufure publications. 
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